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ABSTRACT
Recent years have witnessed tremendous interest in understanding

and predicting information spread on social media platforms such

as Twitter, Facebook, etc. Existing diffusion prediction methods pri-

marily exploit the sequential order of influenced users by projecting

diffusion cascades onto their local social neighborhoods. However,

this fails to capture global social structures that do not explicitly

manifest in any of the cascades, resulting in poor performance for

inactive users with limited historical activities.

In this paper, we present a novel variational autoencoder frame-

work (Inf-VAE) to jointly embed homophily and influence through
proximity-preserving social and position-encoded temporal latent
variables. To model social homophily, Inf-VAE utilizes powerful

graph neural network architectures to learn social variables that

selectively exploit the social connections of users. Given a sequence

of seed user activations, Inf-VAE uses a novel expressive co-attentive
fusion network that jointly attends over their social and temporal

variables to predict the set of all influenced users. Our experimental

results on multiple real-world social network datasets, including

Digg, Weibo, and Stack-Exchanges demonstrate significant gains

(22% MAP@10) for Inf-VAE over state-of-the-art diffusion predic-

tion models; we achieve massive gains for users with sparse activi-

ties, and users who lack direct social neighbors in seed sets.
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1 INTRODUCTION
In social media, information disseminates or diffuses to a large num-

ber of users through posting or re-sharing behavior, resulting in

a cascade of user activations, e.g., a user voting a news story on

Digg (a social news sharing website) triggers a series of votes from

multiple users, who may be his friends or other users interested in

the same story. Given a set of activated seed users, diffusion models

aim to predict the set of all influenced users. Diffusion modeling

has widespread social media applications, including viral market-

ing [24], recommendations [22, 23], and popularity prediction [51].

The diffusion prediction problem has received significant atten-

tion in the research community. Unlike pre-defined propagation

hypotheses [18], recent methods learn data-driven diffusion models

from collections of user activation sequences (diffusion cascades).
Existing diffusion models broadly fall into two categories.

Probabilistic generative cascade models use hand-crafted features

including roles [47], communities [4], topics [3], and structural pat-

terns [49]. Such methods rely on feature engineering that requires

manual effort and extensive domain knowledge, and are limited by

the modeling capacity of carefully chosen probability distributions.

Representation learning methods avoid feature extraction by

learning user embeddings characterizing their influencing abil-

ity and conformity [7, 9]. State-of-the-art methods project cas-

cades onto local social neighborhoods to generate Directed Acyclic

Graphs (DAGs), and propose extensions of Recurrent Neural Net-

works (RNNs). In particular, DAG-structured LSTMs [41] explicitly

operate on the induced DAG, while attention-based RNNs [17, 43,

44] implicitly consider cross-dependence for diffusion prediction.

Prior works only consider the sequence or projected social struc-

ture (induced DAG) of previously influenced users while ignoring

social structures that do not manifest in cascades. As a result, they
only capture the temporal correlation of diffusion behaviors among

users, which is also known as temporal influence or contagion [37].

Consider a Twitter user with interests in politics, who is likely to

follow famous political leaders and join interest groups that induce

transitive connections to other users; however, these connections

may not appear in cascades unless she re-tweets or posts content.

Social homophily [27] suggests that ties are more likely between

users with shared traits or interests, which can induce correlated

diffusion behaviors without direct causal influence. Since a vast

majority of social media users seldom post content and thus rarely

appear in cascades, it is critical to exploit their social neighborhood

structures to characterize social homophily accurately.

However, homophilous diffusion and contagion can result in sig-

nificantly different dynamics, e.g., contagions are self-reinforcing
and viral while homophily hinges on users’ preferences or traits.

Real-world cascades are often a complex combination of both as-

pects with user-specific variations. Indeed, it is well known that
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social homophily and temporal influence are fundamentally con-

founded in observational studies [37]. Thus, we propose a data-

driven framework to contextually model their joint effect when

predicting user-level diffusion behaviors. Therefore, our key ob-

jective is to develop a principled neural framework to unify social
homophily and temporal influence in diffusion prediction.

Our architecture Inf-VAE jointly models homophily through so-
cial embeddings preserving social network proximity and influence
through temporal embeddings encoding the relative sequential

order of user activations. Motivated by the recent successes of vari-

ational autoencoders (VAEs) [19] in characterizing sparse users via

Gaussian priors [26], and the expressive power of graph neural net-

works [14, 21], we adopt VAEs to model social homophily. We learn

structure-preserving social embeddings through a VAE framework

that supports a wide range of graph neural network architectures

as encoders and decoders. Given an initial set of seed user acti-

vations, Inf-VAE utilizes an expressive co-attentive fusion network
that captures complex non-linear correlations between social and

temporal embeddings, to model their joint effect on predicting the

set of all influenced users. We make the following contributions:

• GeneralizableVariationalAutoencoder Framework: Unlike
existing diffusion prediction methods that only consider local

induced propagation structures, Inf-VAE is a generalizable VAE

framework that models social homophily through graph neu-

ral network architectures of arbitrary complexity, to selectively

exploit the rich global network of social connections.

• Efficient Homophily and Influence Integration: To the best
of our knowledge, ours is the first work to comprehensively

exploit social homophily and temporal influence in diffusion pre-

diction. Given a sequence of seed user activations, Inf-VAE em-

ploys an expressive co-attentive fusion network to jointly attend

over their social and temporal embeddings to predict the set of

all influenced users. Inf-VAE with co-attentions is faster than

state-of-the-art recurrent methods by an order of magnitude.

• Robust Experimental Results: Our experiments on multiple

real-world social networks, including Digg, Weibo, and Stack-

Exchanges, demonstrate significant gains for Inf-VAE over state-

of-the-art models. Modeling social homophily through VAEs

enables massive gains for users with sparse activities, and users

who lack direct social neighbors in seed sets. An ablation analysis

of various modeling choices further highlights the synergistic

effects of jointly modeling homophily and temporal influence.

2 RELATEDWORK
We discuss existing work on diffusion modeling followed by related

work on network representation learning and co-attentions.

Information diffusion overview.Historically, information dif-

fusion has been studied through two seminal models: Independent

Cascade (IC) [18] and Linear Threshold (LT) [11]. Three distinct

applications emerged, namely: network inference [10], which in-

fers the underlying social network that best explains the observed

cascades; cascade prediction [25], which predicts macroscopic prop-

erties of cascades, including size, growth, and shape; and diffusion
prediction [41], which learns a model from social links and cascade

sequences, to predict the set of influenced users given a seed set of

activated users. In this paper, we focus on diffusion prediction.

Diffusion prediction. The earliest data-driven methods pro-

pose several extensions of IC and LT incorporating topics [3], con-

tinuous timestamps [31], user profiles [32], and community struc-

ture [4]. A few techniques explore probabilistic generative models

via latent topics and communities [16, 50]. Most recent studies focus

on learning representations to overcome feature engineering or pre-

defined hypotheses in diffusion modeling [6, 7, 9, 30, 41–44]. Emb-

IC [7], Inf2vec [9] embed user influencing capability and suscepti-

bility in diffusion. Topo-LSTM [41], CYAN-RNN [43], SNIDSA [44],

and DeepDiffuse [17] project the diffusion cascades on local social

neighborhoods and model the resulting DAG propagation struc-

tures with RNNs. These techniques outperform classical approaches

by significant margins in diffusion prediction. Our key observation

is that these projected DAGs could ignore social structures that

do not appear in any observed cascade. In contrast, our model Inf-

VAE can account for unobserved social connections in the user

activation process by modeling social homophily through VAEs.

A related problem is social influence prediction, which aims to

classify social media users based on the activation status of their

ego-network [30, 48]. Direct extensions to predict the set of all in-

fluenced users (diffusion prediction) entails reapplying their models

on each candidate inactive user in the social network, resulting in

prohibitive inference costs, hence preventing a comparison.

Network representation learning: This line of work captures
varied notions of structural node proximity [12, 33] in networks

via low-dimensional vectors. Notably, graph neural networks have

achieved great success in node classification and link prediction [13,

21, 28, 34–36, 39]. Graph Autoencoders [20, 40] employ various en-

coding and decoding architectures to embed network structure and

learn unsupervised node embeddings. Hamilton et al. [14] unify

a large family of network embedding methods in an autoencoder

framework. However, general-purpose embeddings modeling struc-

tural proximity are not directly suited to diffusion modeling.

Co-attentional models: Our work also leverages recent ad-

vances in neural attention mechanisms, especially in Natural Lan-

guage Processing [2]. Specifically, co-attention has achieved great

success in modeling relationships between pairs of sequences, e.g.,
question-answer [45], etc. Co-attentional methods compute inter-

action weights between data modalities, learning fine-grained non-

linear correlations. In our work, we develop a co-attentive fusion

network to capture the contextual interplay of users’ social and

temporal representations for diffusion prediction.

3 PROBLEM DEFINITION
We study diffusion prediction where the goal is to predict the set of

all influenced users, given temporally ordered seed user activations.

Definition 3.1. Social Network: The social network is repre-

sented as a graph G = (V, E) where V = {vi }
N
i=1 is the set of N

users and E = {ei j }
N
i , j=1 is the set of links. We denote the adjacency

matrix of G by A ∈ RN×N
where Ai , j = 1 if ei , j ∈ E otherwise 0.

Definition 3.2. Diffusion cascade: A diffusion cascade Di is an

ordered sequence of user activations in ascending order of time

denoted by: Di = {(vik , tk ) | vik ∈ V, tk ∈ [0,∞), k = 1 . . .K},

eachvik is a distinct user inV (no repeats) and tk is non-decreasing,

i.e., tk ≤ tk+1. The k
th

user activation is recorded as tuple (vik , tk ),
referring the activated user and activation time.
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We represent cascades by delay-agnostic relative activation or-

ders similar to [7, 9, 41], i.e., a cascade is equivalently written as

D = {(vik ,k) | vik ∈ V}Kk=1. We do not assume the availability of

explicit re-share links between users in cascades; this corresponds

to the simplest yet most general setting of diffusion [9, 41]. Though

timestamps may be easily used as input features, we leave genera-

tion of continuous timestamps as future work.

Definition 3.3. Diffusion prediction: Given a social networkG
and a collection of cascade sequences D = {Di , 1 ≤ i ≤ |D|}, learn
diffusion modelM to predict the future set of influenced users in a

cascadewith the seed activation sequence I = {(vi1 , 1), . . . , (vik ,k)}
of k seed users. Diffusion prediction estimates the probability of

influencing each inactive user: PΘ(v | I ) ∀v ∈ V − I , inducing a

ranking of activation likelihoods over the set of inactive users.

We create a training set T of diffusion episodes containing (seed

activations, activated users) tuples from the cascade collection D,
by randomly splitting each cascade D ∈ D of length K at each time

step 2 ≤ k ≤ K − 1. Specifically, a split at time step k ≥ 2, creates a

training episode (Ik ,Ck ) where Ik = {(vi j , j); 1 ≤ j ≤ k} is the seed
set consisting of the cascade sliced at k and Ck = {vik+1 , . . . ,viK }
is the set of influenced users after time step k . Thus, we denote the
training set by T = {(Ii ,Ci ) 1 ≤ i ≤ |T|}.

4 INFLUENCE VARIATIONAL
AUTOENCODER

In this section, we describe our proposed Influence Variational

Autoencoder (Inf-VAE) for predicting information diffusion.

4.1 Model Description
We describe the latent variables modeling social homophily and

temporal influence, followed by our generative network Inf-VAE.

4.1.1 Social Homophily. Our objective is to define latent social
variables for users that capture social homophily. The homophily

principle stipulates that users with similar interests are more likely

to be connected. In the absence of explicit user attributes, we posit

that highly interconnected users in social communities share ho-

mophilous relationships. We model social homophily through la-

tent social variables designed to encourage users with shared social

neighborhoods to have similar latent representations.

Specifically, we assign a latent social variable zi for uservi , where
the prior for zi is chosen to be a unit normal distribution, in linewith

standard assumptions in VAEs. Normal distributions are chosen

in VAE frameworks due to their flexibility to support arbitrary

functional parameterizations by isolating sampling stochasticity

to facilitate back-propagation [19]. We assume the latent social

variables Z to collectively generate the social network G, through a

graph generation neural network fdec(Z ) parameterized by θ . The
corresponding generative process is given by:

zi ∼ N(0, ID ) G ∼ pθ (G | Z ) = pθ (G | fdec(Z )) (1)

where ID ∈ RD×D
is an identity matrix of D dimensions. Here, the

graph generation neural network fdec(Z ) can be instantiated to

preserve an arbitrary notion of structural proximity in the social

network G (Sec 4.3). In the above equation, we abuse the notation

of G to denote an appropriate representational form of the social

Symbol Description

Z Social variables modeling network proximity, for all users V

VS Sender variables for all users V

VR Receiver variables for all users V

VT Temporal influence variables for all users V

VP User-specific popularity variables for all users V

PK Position-encoded temporal embeddings for all time steps K

Table 1: Notations

network structure, which can take multiple forms, including the

adjacency matrix, random walks sampled from G, etc.

While homophily characterizes peer-to-peer interest similarity,

its impact on user behaviors tends to asymmetric since users who

share interests may drastically differ in their posting rates, e.g., cer-
tain users are naturally predisposed to be socially active and hence

more influential in comparison to others. Thus, it is necessary to dif-

ferentiate user roles when modeling the effect of social homophily

on diffusion behaviors. Similar concepts have been examined in

social influence literature to characterize users by their influencing

capability and conformity [7–9, 41, 42].

We associate each user vi ∈ V with a sender vsi ∈ RD and

receiver vri ∈ RD latent variable. Our key innovation lies in condi-

tioning the information sending and receiving capabilities of users

on their homophilous traits. We use normal distributions centered

at zi to define the sender and receiver variables for user vi as:

vsi ∼ N(zi , λ−1s ID ) vri ∼ N(zi , λ−1r ID ) (2)

where λs , λr are hyper-parameters controlling the degree of varia-

tion or uncertainty for vsi and v
r
i w.r.t. zi . LetVS andVR denote the

set of all sender and receiver variables respectively for all users.

4.1.2 Temporal Influence. Now, we define latent temporal influ-
ence variables to describe the varying influence effects of seed users
depending on the relative sequential order of activations. There

are two interesting factors at play: activation orders and popularity

effects. A majority of social media users adopt more recent infor-

mation while often ignoring old and obsolete content [46]. On the

other hand, social status impacts the influencing power of seed users

independent of their activation order and social neighbors, e.g., fa-
mous media figures naturally exert significant influence. Thus, we

consider both the relative sequential order of user activations and

popularity effects of seed users to model temporal influence.

To quantify the temporal influence exerted by a seed user activa-

tion (vik ,k) of user vik at time step k (1 ≤ k ≤ K ), we first encode
the relative position k through positional-encodings [38] to obtain

temporal embeddings pk . Since we expect the variation in popu-

larity effects to be quite small, we draw user-specific popularity

variables from a zero-mean normal distribution to serve as offsets

to the temporal embeddings. Specifically, the temporal influence
variable for activation (vik ,k) denoted by vtik , is given by:

vpik ∼ N(0, λ−1p ID ) pk = PE(k) vtik = vpik + pk (3)

PE(k)
2d = sin(k/10000

2d/D ) PE(k)
2d+1 = cos(k/10000

2d/D )

where λp is a hyper-parameter to control the popularity effects, and

1 ≤ d ≤ D/2 denotes the dimension in the temporal embedding

pk . Note that the popularity variable vpik is user-specific, while

temporal embedding pk only depends on the activation step k . The
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<latexit sha1_base64="sQFmnBPyUeJJoC6qa3ZKH43SWgQ=">AAACA3icbVC7SgNBFL0bXzG+opY2g0GwCrsiJGXARrsI5gHZJcxOZpMhM7PLzKwQlpT+gq32dmLrh9j6Jc4mW2jigQuHc+7lHk6YcKaN6345pY3Nre2d8m5lb//g8Kh6fNLVcaoI7ZCYx6ofYk05k7RjmOG0nyiKRchpL5ze5H7vkSrNYvlgZgkNBB5LFjGCjZV8X2AzCaNsMh/eDas1t+4ugNaJV5AaFGgPq9/+KCapoNIQjrUeeG5iggwrwwin84qfappgMsVjOrBUYkF1kC0yz9GFVUYoipUdadBC/X2RYaH1TIR2M8+oV71c/NcLxcpnEzWDjMkkNVSS5eMo5cjEKC8EjZiixPCZJZgoZrMjMsEKE2Nrq9hSvNUK1kn3qu65de/+utZqFvWU4QzO4RI8aEALbqENHSCQwDO8wKvz5Lw5787HcrXkFDen8AfO5w+yBphk</latexit><latexit sha1_base64="sQFmnBPyUeJJoC6qa3ZKH43SWgQ=">AAACA3icbVC7SgNBFL0bXzG+opY2g0GwCrsiJGXARrsI5gHZJcxOZpMhM7PLzKwQlpT+gq32dmLrh9j6Jc4mW2jigQuHc+7lHk6YcKaN6345pY3Nre2d8m5lb//g8Kh6fNLVcaoI7ZCYx6ofYk05k7RjmOG0nyiKRchpL5ze5H7vkSrNYvlgZgkNBB5LFjGCjZV8X2AzCaNsMh/eDas1t+4ugNaJV5AaFGgPq9/+KCapoNIQjrUeeG5iggwrwwin84qfappgMsVjOrBUYkF1kC0yz9GFVUYoipUdadBC/X2RYaH1TIR2M8+oV71c/NcLxcpnEzWDjMkkNVSS5eMo5cjEKC8EjZiixPCZJZgoZrMjMsEKE2Nrq9hSvNUK1kn3qu65de/+utZqFvWU4QzO4RI8aEALbqENHSCQwDO8wKvz5Lw5787HcrXkFDen8AfO5w+yBphk</latexit><latexit sha1_base64="sQFmnBPyUeJJoC6qa3ZKH43SWgQ=">AAACA3icbVC7SgNBFL0bXzG+opY2g0GwCrsiJGXARrsI5gHZJcxOZpMhM7PLzKwQlpT+gq32dmLrh9j6Jc4mW2jigQuHc+7lHk6YcKaN6345pY3Nre2d8m5lb//g8Kh6fNLVcaoI7ZCYx6ofYk05k7RjmOG0nyiKRchpL5ze5H7vkSrNYvlgZgkNBB5LFjGCjZV8X2AzCaNsMh/eDas1t+4ugNaJV5AaFGgPq9/+KCapoNIQjrUeeG5iggwrwwin84qfappgMsVjOrBUYkF1kC0yz9GFVUYoipUdadBC/X2RYaH1TIR2M8+oV71c/NcLxcpnEzWDjMkkNVSS5eMo5cjEKC8EjZiixPCZJZgoZrMjMsEKE2Nrq9hSvNUK1kn3qu65de/+utZqFvWU4QzO4RI8aEALbqENHSCQwDO8wKvz5Lw5787HcrXkFDen8AfO5w+yBphk</latexit><latexit sha1_base64="sQFmnBPyUeJJoC6qa3ZKH43SWgQ=">AAACA3icbVC7SgNBFL0bXzG+opY2g0GwCrsiJGXARrsI5gHZJcxOZpMhM7PLzKwQlpT+gq32dmLrh9j6Jc4mW2jigQuHc+7lHk6YcKaN6345pY3Nre2d8m5lb//g8Kh6fNLVcaoI7ZCYx6ofYk05k7RjmOG0nyiKRchpL5ze5H7vkSrNYvlgZgkNBB5LFjGCjZV8X2AzCaNsMh/eDas1t+4ugNaJV5AaFGgPq9/+KCapoNIQjrUeeG5iggwrwwin84qfappgMsVjOrBUYkF1kC0yz9GFVUYoipUdadBC/X2RYaH1TIR2M8+oV71c/NcLxcpnEzWDjMkkNVSS5eMo5cjEKC8EjZiixPCZJZgoZrMjMsEKE2Nrq9hSvNUK1kn3qu65de/+utZqFvWU4QzO4RI8aEALbqENHSCQwDO8wKvz5Lw5787HcrXkFDen8AfO5w+yBphk</latexit>

Z ⇠ q(Z|G)
<latexit sha1_base64="lRtpidhVm9qT3LSrop6ZUYXXzRw=">AAACGnicbVC7TsMwFHXKq5RXgJHFUCGVpUoQEh0rMcBYJPoQTVQ5rttatZ1gO0hVyMxP8AussLMhVhZWvgSnzQAtR7J07jn36l6fIGJUacf5sgpLyyura8X10sbm1vaOvbvXUmEsMWnikIWyEyBFGBWkqalmpBNJgnjASDsYX2R++55IRUNxoycR8TkaCjqgGGkj9exDL+DJbQo9RTm8q8yqB48jPcKIJZfpSc8uO1VnCrhI3JyUQY5Gz/72+iGOOREaM6RU13Ui7SdIaooZSUterEiE8BgNSddQgThRfjL9SgqPjdKHg1CaJzScqr8nEsSVmvDAdGY3qnkvE//1Aj63WQ9qfkJFFGsi8GzxIGZQhzDLCfapJFiziSEIS2puh3iEJMLapFkyobjzESyS1mnVdaru9Vm5XsvjKYIDcAQqwAXnoA6uQAM0AQaP4Bm8gFfryXqz3q2PWWvBymf2wR9Ynz8cBaEj</latexit><latexit sha1_base64="lRtpidhVm9qT3LSrop6ZUYXXzRw=">AAACGnicbVC7TsMwFHXKq5RXgJHFUCGVpUoQEh0rMcBYJPoQTVQ5rttatZ1gO0hVyMxP8AussLMhVhZWvgSnzQAtR7J07jn36l6fIGJUacf5sgpLyyura8X10sbm1vaOvbvXUmEsMWnikIWyEyBFGBWkqalmpBNJgnjASDsYX2R++55IRUNxoycR8TkaCjqgGGkj9exDL+DJbQo9RTm8q8yqB48jPcKIJZfpSc8uO1VnCrhI3JyUQY5Gz/72+iGOOREaM6RU13Ui7SdIaooZSUterEiE8BgNSddQgThRfjL9SgqPjdKHg1CaJzScqr8nEsSVmvDAdGY3qnkvE//1Aj63WQ9qfkJFFGsi8GzxIGZQhzDLCfapJFiziSEIS2puh3iEJMLapFkyobjzESyS1mnVdaru9Vm5XsvjKYIDcAQqwAXnoA6uQAM0AQaP4Bm8gFfryXqz3q2PWWvBymf2wR9Ynz8cBaEj</latexit><latexit sha1_base64="lRtpidhVm9qT3LSrop6ZUYXXzRw=">AAACGnicbVC7TsMwFHXKq5RXgJHFUCGVpUoQEh0rMcBYJPoQTVQ5rttatZ1gO0hVyMxP8AussLMhVhZWvgSnzQAtR7J07jn36l6fIGJUacf5sgpLyyura8X10sbm1vaOvbvXUmEsMWnikIWyEyBFGBWkqalmpBNJgnjASDsYX2R++55IRUNxoycR8TkaCjqgGGkj9exDL+DJbQo9RTm8q8yqB48jPcKIJZfpSc8uO1VnCrhI3JyUQY5Gz/72+iGOOREaM6RU13Ui7SdIaooZSUterEiE8BgNSddQgThRfjL9SgqPjdKHg1CaJzScqr8nEsSVmvDAdGY3qnkvE//1Aj63WQ9qfkJFFGsi8GzxIGZQhzDLCfapJFiziSEIS2puh3iEJMLapFkyobjzESyS1mnVdaru9Vm5XsvjKYIDcAQqwAXnoA6uQAM0AQaP4Bm8gFfryXqz3q2PWWvBymf2wR9Ynz8cBaEj</latexit><latexit sha1_base64="lRtpidhVm9qT3LSrop6ZUYXXzRw=">AAACGnicbVC7TsMwFHXKq5RXgJHFUCGVpUoQEh0rMcBYJPoQTVQ5rttatZ1gO0hVyMxP8AussLMhVhZWvgSnzQAtR7J07jn36l6fIGJUacf5sgpLyyura8X10sbm1vaOvbvXUmEsMWnikIWyEyBFGBWkqalmpBNJgnjASDsYX2R++55IRUNxoycR8TkaCjqgGGkj9exDL+DJbQo9RTm8q8yqB48jPcKIJZfpSc8uO1VnCrhI3JyUQY5Gz/72+iGOOREaM6RU13Ui7SdIaooZSUterEiE8BgNSddQgThRfjL9SgqPjdKHg1CaJzScqr8nEsSVmvDAdGY3qnkvE//1Aj63WQ9qfkJFFGsi8GzxIGZQhzDLCfapJFiziSEIS2puh3iEJMLapFkyobjzESyS1mnVdaru9Vm5XsvjKYIDcAQqwAXnoA6uQAM0AQaP4Bm8gFfryXqz3q2PWWvBymf2wR9Ynz8cBaEj</latexit>

VR
<latexit sha1_base64="d06oKcRFS9P3krifNNmcNEFovfY=">AAAB/nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjJu6LLpx2Yq9QDvUTJppQ5PMkGSEMhR8Bre6didufRU3gm9ipu3Ctv4Q+PjPOZyTP4g508Z1v5zc2vrG5lZ+u7Czu7d/UDw8auooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjG6yeuuRKs0ieW/GMfUFHkgWMoKNtdrdQKTN3t2kVyy5ZXcqtAreHErVk/r3AwDUesWfbj8iiaDSEI617nhubPwUK8MIp5NCN9E0xmSEB7RjUWJBtZ9O752gc+v0URgp+6RBU/fvRIqF1mMR2E6BzVAv1zLzv1onMeGVnzIZJ4ZKMlsUJhyZCGWfR32mKDF8bAETxeytiAyxwsTYiBa2BCLLxFtOYBWal2XPct2Gcw0z5eEUzuACPKhAFW6hBg0gwOEZXuDVeXLenHfnY9aac+Yzx7Ag5/MXgVyYaw==</latexit><latexit sha1_base64="ob5WrMTAN6eAUBWmFYCb/FY+oqc=">AAAB/nicbZDLSgMxFIbPeK31VhXcuAkWwVWZcaPLUjcuW7EXaIeSSTNtaJIZkoxQhoLP4FbX7opbH8CXcCP4JmbaLmzrD4GP/5zDOfmDmDNtXPfLWVvf2Nzazu3kd/f2Dw4LR8cNHSWK0DqJeKRaAdaUM0nrhhlOW7GiWAScNoPhbVZvPlKlWSQfzCimvsB9yUJGsLFWqxOItNG9H3cLRbfkToVWwZtDsXxa+2aTyme1W/jp9CKSCCoN4VjrtufGxk+xMoxwOs53Ek1jTIa4T9sWJRZU++n03jG6sE4PhZGyTxo0df9OpFhoPRKB7RTYDPRyLTP/q7UTE974KZNxYqgks0VhwpGJUPZ51GOKEsNHFjBRzN6KyAArTIyNaGFLILJMvOUEVqFxVfIs12w4FZgpB2dwDpfgwTWU4Q6qUAcCHJ7hBV6dJ+fNmTjvs9Y1Zz5zAgtyPn4B7KGaJw==</latexit><latexit sha1_base64="ob5WrMTAN6eAUBWmFYCb/FY+oqc=">AAAB/nicbZDLSgMxFIbPeK31VhXcuAkWwVWZcaPLUjcuW7EXaIeSSTNtaJIZkoxQhoLP4FbX7opbH8CXcCP4JmbaLmzrD4GP/5zDOfmDmDNtXPfLWVvf2Nzazu3kd/f2Dw4LR8cNHSWK0DqJeKRaAdaUM0nrhhlOW7GiWAScNoPhbVZvPlKlWSQfzCimvsB9yUJGsLFWqxOItNG9H3cLRbfkToVWwZtDsXxa+2aTyme1W/jp9CKSCCoN4VjrtufGxk+xMoxwOs53Ek1jTIa4T9sWJRZU++n03jG6sE4PhZGyTxo0df9OpFhoPRKB7RTYDPRyLTP/q7UTE974KZNxYqgks0VhwpGJUPZ51GOKEsNHFjBRzN6KyAArTIyNaGFLILJMvOUEVqFxVfIs12w4FZgpB2dwDpfgwTWU4Q6qUAcCHJ7hBV6dJ+fNmTjvs9Y1Zz5zAgtyPn4B7KGaJw==</latexit><latexit sha1_base64="QJOYeSCLbkZHgyoYt58+qNMf16w=">AAAB6HicbZBLSwMxFIXv1FetVevaTbAIrsqMG10KblxWsA9oh5LJ3GlD8xiSjFKG/gG3rt2J/8ml/8T0sbDWA4GPcxLuzUlywa0Lw6+gsrO7t39QPawd1WvHJ6eNetfqwjDsMC206SfUouAKO447gf3cIJWJwF4yvV/kvWc0lmv15GY5xpKOFc84o85b7VGjGbbCpcg2RGtowlqjxvcw1ayQqBwT1NpBFOYuLqlxnAmc14aFxZyyKR3jwKOiEm1cLteck0vvpCTTxh/lyNL9/aKk0tqZTPxNSd3E/s0W5n/ZoHDZbVxylRcOFVsNygpBnCaLP5OUG2ROzDxQZrjflbAJNZQ538zGlETOfSXR3wK2oXvdijw/hlCFc7iAK4jgBu7gAdrQAQYpvMJb8BK8Bx+r6irBusMz2FDw+QN9JZC/</latexit><latexit sha1_base64="Ed8re5A//qeNMLkxe617TzkwrZ0=">AAAB83icbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScOOyiv2BdiiZ9E4bmmSGJCOUoeAzuNW1O/F5XPomZtoubOuBwMc5CffmRKngxvr+t1fa2t7Z3SvvVw6qh0fHtZNq2ySZZthiiUh0N6IGBVfYstwK7KYaqYwEdqLJXZF3nlEbnqgnO00xlHSkeMwZtc7q9iOZtwePs0Gt7jf8ucgmBEuow1LNQe2nP0xYJlFZJqgxvcBPbZhTbTkTOKv0M4MpZRM6wp5DRSWaMJ/vOyMXzhmSONHuKEvm7t8XOZXGTGXkbkpqx2Y9K8z/sl5m45sw5yrNLCq2GBRngtiEFJ8nQ66RWTF1QJnmblfCxlRTZl1FK1MiWXQSrDewCe2rRuD4wYcynME5XEIA13AL99CEFjAQ8Apv8O69eB/e56K9kres8RRW5H39AluilSE=</latexit><latexit sha1_base64="Ed8re5A//qeNMLkxe617TzkwrZ0=">AAAB83icbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScOOyiv2BdiiZ9E4bmmSGJCOUoeAzuNW1O/F5XPomZtoubOuBwMc5CffmRKngxvr+t1fa2t7Z3SvvVw6qh0fHtZNq2ySZZthiiUh0N6IGBVfYstwK7KYaqYwEdqLJXZF3nlEbnqgnO00xlHSkeMwZtc7q9iOZtwePs0Gt7jf8ucgmBEuow1LNQe2nP0xYJlFZJqgxvcBPbZhTbTkTOKv0M4MpZRM6wp5DRSWaMJ/vOyMXzhmSONHuKEvm7t8XOZXGTGXkbkpqx2Y9K8z/sl5m45sw5yrNLCq2GBRngtiEFJ8nQ66RWTF1QJnmblfCxlRTZl1FK1MiWXQSrDewCe2rRuD4wYcynME5XEIA13AL99CEFjAQ8Apv8O69eB/e56K9kres8RRW5H39AluilSE=</latexit><latexit sha1_base64="79QOOhfpli2PhWRq1cuo2sYh8sQ=">AAAB/nicbZDLSgMxFIZPvNZ6q7p0EyyCqzLjRpdFNy6r2Au0Q8mkmTY0yQxJRihDwWdwq2t34tZXcembmGlnYVt/CHz85xzOyR8mghvred9obX1jc2u7tFPe3ds/OKwcHbdMnGrKmjQWse6ExDDBFWtabgXrJJoRGQrWDse3eb39xLThsXq0k4QFkgwVjzgl1lmdXiizVv9h2q9UvZo3E14Fv4AqFGr0Kz+9QUxTyZSlghjT9b3EBhnRllPBpuVealhC6JgMWdehIpKZIJvdO8XnzhngKNbuKYtn7t+JjEhjJjJ0nZLYkVmu5eZ/tW5qo+sg4ypJLVN0vihKBbYxzj+PB1wzasXEAaGau1sxHRFNqHURLWwJZZ6Jv5zAKrQua77je69avynSKcEpnMEF+HAFdbiDBjSBgoAXeIU39Ize0Qf6nLeuoWLmBBaEvn4B1kqWhg==</latexit><latexit sha1_base64="79QOOhfpli2PhWRq1cuo2sYh8sQ=">AAAB/nicbZDLSgMxFIZPvNZ6q7p0EyyCqzLjRpdFNy6r2Au0Q8mkmTY0yQxJRihDwWdwq2t34tZXcembmGlnYVt/CHz85xzOyR8mghvred9obX1jc2u7tFPe3ds/OKwcHbdMnGrKmjQWse6ExDDBFWtabgXrJJoRGQrWDse3eb39xLThsXq0k4QFkgwVjzgl1lmdXiizVv9h2q9UvZo3E14Fv4AqFGr0Kz+9QUxTyZSlghjT9b3EBhnRllPBpuVealhC6JgMWdehIpKZIJvdO8XnzhngKNbuKYtn7t+JjEhjJjJ0nZLYkVmu5eZ/tW5qo+sg4ypJLVN0vihKBbYxzj+PB1wzasXEAaGau1sxHRFNqHURLWwJZZ6Jv5zAKrQua77je69avynSKcEpnMEF+HAFdbiDBjSBgoAXeIU39Ize0Qf6nLeuoWLmBBaEvn4B1kqWhg==</latexit><latexit sha1_base64="ob5WrMTAN6eAUBWmFYCb/FY+oqc=">AAAB/nicbZDLSgMxFIbPeK31VhXcuAkWwVWZcaPLUjcuW7EXaIeSSTNtaJIZkoxQhoLP4FbX7opbH8CXcCP4JmbaLmzrD4GP/5zDOfmDmDNtXPfLWVvf2Nzazu3kd/f2Dw4LR8cNHSWK0DqJeKRaAdaUM0nrhhlOW7GiWAScNoPhbVZvPlKlWSQfzCimvsB9yUJGsLFWqxOItNG9H3cLRbfkToVWwZtDsXxa+2aTyme1W/jp9CKSCCoN4VjrtufGxk+xMoxwOs53Ek1jTIa4T9sWJRZU++n03jG6sE4PhZGyTxo0df9OpFhoPRKB7RTYDPRyLTP/q7UTE974KZNxYqgks0VhwpGJUPZ51GOKEsNHFjBRzN6KyAArTIyNaGFLILJMvOUEVqFxVfIs12w4FZgpB2dwDpfgwTWU4Q6qUAcCHJ7hBV6dJ+fNmTjvs9Y1Zz5zAgtyPn4B7KGaJw==</latexit><latexit sha1_base64="ob5WrMTAN6eAUBWmFYCb/FY+oqc=">AAAB/nicbZDLSgMxFIbPeK31VhXcuAkWwVWZcaPLUjcuW7EXaIeSSTNtaJIZkoxQhoLP4FbX7opbH8CXcCP4JmbaLmzrD4GP/5zDOfmDmDNtXPfLWVvf2Nzazu3kd/f2Dw4LR8cNHSWK0DqJeKRaAdaUM0nrhhlOW7GiWAScNoPhbVZvPlKlWSQfzCimvsB9yUJGsLFWqxOItNG9H3cLRbfkToVWwZtDsXxa+2aTyme1W/jp9CKSCCoN4VjrtufGxk+xMoxwOs53Ek1jTIa4T9sWJRZU++n03jG6sE4PhZGyTxo0df9OpFhoPRKB7RTYDPRyLTP/q7UTE974KZNxYqgks0VhwpGJUPZ51GOKEsNHFjBRzN6KyAArTIyNaGFLILJMvOUEVqFxVfIs12w4FZgpB2dwDpfgwTWU4Q6qUAcCHJ7hBV6dJ+fNmTjvs9Y1Zz5zAgtyPn4B7KGaJw==</latexit><latexit sha1_base64="ob5WrMTAN6eAUBWmFYCb/FY+oqc=">AAAB/nicbZDLSgMxFIbPeK31VhXcuAkWwVWZcaPLUjcuW7EXaIeSSTNtaJIZkoxQhoLP4FbX7opbH8CXcCP4JmbaLmzrD4GP/5zDOfmDmDNtXPfLWVvf2Nzazu3kd/f2Dw4LR8cNHSWK0DqJeKRaAdaUM0nrhhlOW7GiWAScNoPhbVZvPlKlWSQfzCimvsB9yUJGsLFWqxOItNG9H3cLRbfkToVWwZtDsXxa+2aTyme1W/jp9CKSCCoN4VjrtufGxk+xMoxwOs53Ek1jTIa4T9sWJRZU++n03jG6sE4PhZGyTxo0df9OpFhoPRKB7RTYDPRyLTP/q7UTE974KZNxYqgks0VhwpGJUPZ51GOKEsNHFjBRzN6KyAArTIyNaGFLILJMvOUEVqFxVfIs12w4FZgpB2dwDpfgwTWU4Q6qUAcCHJ7hBV6dJ+fNmTjvs9Y1Zz5zAgtyPn4B7KGaJw==</latexit><latexit sha1_base64="ob5WrMTAN6eAUBWmFYCb/FY+oqc=">AAAB/nicbZDLSgMxFIbPeK31VhXcuAkWwVWZcaPLUjcuW7EXaIeSSTNtaJIZkoxQhoLP4FbX7opbH8CXcCP4JmbaLmzrD4GP/5zDOfmDmDNtXPfLWVvf2Nzazu3kd/f2Dw4LR8cNHSWK0DqJeKRaAdaUM0nrhhlOW7GiWAScNoPhbVZvPlKlWSQfzCimvsB9yUJGsLFWqxOItNG9H3cLRbfkToVWwZtDsXxa+2aTyme1W/jp9CKSCCoN4VjrtufGxk+xMoxwOs53Ek1jTIa4T9sWJRZU++n03jG6sE4PhZGyTxo0df9OpFhoPRKB7RTYDPRyLTP/q7UTE974KZNxYqgks0VhwpGJUPZ51GOKEsNHFjBRzN6KyAArTIyNaGFLILJMvOUEVqFxVfIs12w4FZgpB2dwDpfgwTWU4Q6qUAcCHJ7hBV6dJ+fNmTjvs9Y1Zz5zAgtyPn4B7KGaJw==</latexit><latexit sha1_base64="79QOOhfpli2PhWRq1cuo2sYh8sQ=">AAAB/nicbZDLSgMxFIZPvNZ6q7p0EyyCqzLjRpdFNy6r2Au0Q8mkmTY0yQxJRihDwWdwq2t34tZXcembmGlnYVt/CHz85xzOyR8mghvred9obX1jc2u7tFPe3ds/OKwcHbdMnGrKmjQWse6ExDDBFWtabgXrJJoRGQrWDse3eb39xLThsXq0k4QFkgwVjzgl1lmdXiizVv9h2q9UvZo3E14Fv4AqFGr0Kz+9QUxTyZSlghjT9b3EBhnRllPBpuVealhC6JgMWdehIpKZIJvdO8XnzhngKNbuKYtn7t+JjEhjJjJ0nZLYkVmu5eZ/tW5qo+sg4ypJLVN0vihKBbYxzj+PB1wzasXEAaGau1sxHRFNqHURLWwJZZ6Jv5zAKrQua77je69avynSKcEpnMEF+HAFdbiDBjSBgoAXeIU39Ize0Qf6nLeuoWLmBBaEvn4B1kqWhg==</latexit>

VS
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vk
<latexit sha1_base64="EghpgheTdoRIsN4FETmBlW9h5OM=">AAAB+XicbZDLSgMxFIZPvNZ6qwpu3ASL4KrMuNFl0Y3LFu0F2qFm0kwbmmSGJFMoQx/Bra7diVufxo3gm5heFrb1h8DHf87hnPxhIrixnveF1tY3Nre2czv53b39g8PC0XHdxKmmrEZjEetmSAwTXLGa5VawZqIZkaFgjXBwN6k3hkwbHqtHO0pYIElP8YhTYp31MOwMOoWiV/Kmwqvgz6FYPq1+PwFApVP4aXdjmkqmLBXEmJbvJTbIiLacCjbOt1PDEkIHpMdaDhWRzATZ9NQxvnBOF0exdk9ZPHX/TmREGjOSoeuUxPbNcm1i/ldrpTa6CTKuktQyRWeLolRgG+PJv3GXa0atGDkgVHN3K6Z9ogm1Lp2FLaEcu0z85QRWoX5V8h1XXTi3MFMOzuAcLsGHayjDPVSgBhR68Awv8Ioy9Ibe0cesdQ3NZ05gQejzF7s3lk8=</latexit><latexit sha1_base64="MVc3g9HiAarLkOVst+r7YLjXAOA=">AAAB+XicbZDLSgMxFIbP1Futt6rgxk2wCK7KjJu6LHXjskV7gXYomTTThiaZIckUytBHcKtrdyK48hV8CTeCb2J6WdjWHwIf/zmHc/IHMWfauO6Xk9nY3Nreye7m9vYPDo/yxycNHSWK0DqJeKRaAdaUM0nrhhlOW7GiWAScNoPh7bTeHFGlWSQfzDimvsB9yUJGsLHW/ag77OYLbtGdCa2Dt4BC+az2zd4rn9Vu/qfTi0giqDSEY63bnhsbP8XKMMLpJNdJNI0xGeI+bVuUWFDtp7NTJ+jSOj0URso+adDM/TuRYqH1WAS2U2Az0Ku1qflfrZ2Y8MZPmYwTQyWZLwoTjkyEpv9GPaYoMXxsARPF7K2IDLDCxNh0lrYEYmIz8VYTWIfGddGzXLPhVGCuLJzDBVyBByUowx1UoQ4E+vAIT/DspM6L8+q8zVszzmLmFJbkfPwCJouYCw==</latexit><latexit sha1_base64="MVc3g9HiAarLkOVst+r7YLjXAOA=">AAAB+XicbZDLSgMxFIbP1Futt6rgxk2wCK7KjJu6LHXjskV7gXYomTTThiaZIckUytBHcKtrdyK48hV8CTeCb2J6WdjWHwIf/zmHc/IHMWfauO6Xk9nY3Nreye7m9vYPDo/yxycNHSWK0DqJeKRaAdaUM0nrhhlOW7GiWAScNoPh7bTeHFGlWSQfzDimvsB9yUJGsLHW/ag77OYLbtGdCa2Dt4BC+az2zd4rn9Vu/qfTi0giqDSEY63bnhsbP8XKMMLpJNdJNI0xGeI+bVuUWFDtp7NTJ+jSOj0URso+adDM/TuRYqH1WAS2U2Az0Ku1qflfrZ2Y8MZPmYwTQyWZLwoTjkyEpv9GPaYoMXxsARPF7K2IDLDCxNh0lrYEYmIz8VYTWIfGddGzXLPhVGCuLJzDBVyBByUowx1UoQ4E+vAIT/DspM6L8+q8zVszzmLmFJbkfPwCJouYCw==</latexit><latexit sha1_base64="xJBa950bkMoh2DT/kelZQGhNviM=">AAAB+XicbZA9TwJBEIbn8AvxC7W02UhMrMidjZZEG0uMgiRwIXvLAht29y67cyTkwk+w1drO2PprLP0nLnCFgG+yyZN3ZjKzb5RIYdH3v73CxubW9k5xt7S3f3B4VD4+ado4NYw3WCxj04qo5VJo3kCBkrcSw6mKJH+ORnez+vOYGyti/YSThIeKDrToC0bRWY/j7qhbrvhVfy6yDkEOFchV75Z/Or2YpYprZJJa2w78BMOMGhRM8mmpk1qeUDaiA952qKniNszmp07JhXN6pB8b9zSSuft3IqPK2omKXKeiOLSrtZn5X62dYv8mzIROUuSaLRb1U0kwJrN/k54wnKGcOKDMCHcrYUNqKEOXztKWSE1dJsFqAuvQvKoGjh/8Su02T6cIZ3AOlxDANdTgHurQAAYDeIFXePMy79378D4XrQUvnzmFJXlfvxA0lGo=</latexit>

pk
<latexit sha1_base64="roEK/gUP3ZBFHB59Fa3sQt228CE=">AAACAnicbVC7SgNBFL0bXzG+opZaLAbBKuzaaBm0sUzAPCC7hNnJbDJkZnaYmRXCsp3fYKu1ndhY+CN2+idOHoVJPHDhcM693MOJJKPaeN6XU1hb39jcKm6Xdnb39g/Kh0ctnaQKkyZOWKI6EdKEUUGahhpGOlIRxCNG2tHoduK3H4jSNBH3ZixJyNFA0JhiZKwUBByZYRRnMu+NeuWKV/WmcFeJPyeV2ulH4xsA6r3yT9BPcMqJMJghrbu+J02YIWUoZiQvBakmEuERGpCupQJxosNsmjl3z63Sd+NE2RHGnap/LzLEtR7zyG5OMuplbyL+53VTE1+HGRUyNUTg2aM4Za5J3EkBbp8qgg0bW4Kwojari4dIIWxsTQtfIp7bTvzlBlZJ67LqW96w5dzADEU4gTO4AB+uoAZ3UIcmYJDwBM/w4jw6r86b8z5bLTjzm2NYgPP5C5CEmsk=</latexit><latexit sha1_base64="WFx/oEKt+TChsoieaRA0gyl5DVA=">AAACAnicbVC7SgNBFJ31GeMraqnIYBCswq6NlkEbywTMA7JLmJ3MJkNmZoeZWSEs2+kv2GptJzYp/BFLa3/C2SSFSTxw4XDOvdzDCSWj2rjul7Oyura+sVnYKm7v7O7tlw4OmzpOFCYNHLNYtUOkCaOCNAw1jLSlIoiHjLTC4W3utx6I0jQW92YkScBRX9CIYmSs5PscmUEYpTLrDrulsltxJ4DLxJuRcvVkXP95Oh3XuqVvvxfjhBNhMENadzxXmiBFylDMSFb0E00kwkPUJx1LBeJEB+kkcwbPrdKDUazsCAMn6t+LFHGtRzy0m3lGvejl4n9eJzHRdZBSIRNDBJ4+ihIGTQzzAmCPKoING1mCsKI2K8QDpBA2tqa5LyHPbCfeYgPLpHlZ8Syv23JuwBQFcAzOwAXwwBWogjtQAw2AgQTP4AW8Oo/Om/PufExXV5zZzRGYg/P5C4PDnC8=</latexit><latexit sha1_base64="WFx/oEKt+TChsoieaRA0gyl5DVA=">AAACAnicbVC7SgNBFJ31GeMraqnIYBCswq6NlkEbywTMA7JLmJ3MJkNmZoeZWSEs2+kv2GptJzYp/BFLa3/C2SSFSTxw4XDOvdzDCSWj2rjul7Oyura+sVnYKm7v7O7tlw4OmzpOFCYNHLNYtUOkCaOCNAw1jLSlIoiHjLTC4W3utx6I0jQW92YkScBRX9CIYmSs5PscmUEYpTLrDrulsltxJ4DLxJuRcvVkXP95Oh3XuqVvvxfjhBNhMENadzxXmiBFylDMSFb0E00kwkPUJx1LBeJEB+kkcwbPrdKDUazsCAMn6t+LFHGtRzy0m3lGvejl4n9eJzHRdZBSIRNDBJ4+ihIGTQzzAmCPKoING1mCsKI2K8QDpBA2tqa5LyHPbCfeYgPLpHlZ8Syv23JuwBQFcAzOwAXwwBWogjtQAw2AgQTP4AW8Oo/Om/PufExXV5zZzRGYg/P5C4PDnC8=</latexit><latexit sha1_base64="QJOYeSCLbkZHgyoYt58+qNMf16w=">AAAB6HicbZBLSwMxFIXv1FetVevaTbAIrsqMG10KblxWsA9oh5LJ3GlD8xiSjFKG/gG3rt2J/8ml/8T0sbDWA4GPcxLuzUlywa0Lw6+gsrO7t39QPawd1WvHJ6eNetfqwjDsMC206SfUouAKO447gf3cIJWJwF4yvV/kvWc0lmv15GY5xpKOFc84o85b7VGjGbbCpcg2RGtowlqjxvcw1ayQqBwT1NpBFOYuLqlxnAmc14aFxZyyKR3jwKOiEm1cLteck0vvpCTTxh/lyNL9/aKk0tqZTPxNSd3E/s0W5n/ZoHDZbVxylRcOFVsNygpBnCaLP5OUG2ROzDxQZrjflbAJNZQ538zGlETOfSXR3wK2oXvdijw/hlCFc7iAK4jgBu7gAdrQAQYpvMJb8BK8Bx+r6irBusMz2FDw+QN9JZC/</latexit><latexit sha1_base64="8rL4K0i9P3H2WUPa104+dxrt7Gw=">AAAB93icbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScOOygv2BzlAyaaYNTTIhyRTKMDufwa2u3YlP49I3MdN2YVsvXPg4J+EeTqw4M9b3v73Kzu7e/kH1sHZUPz45bZzVuybNNKEdkvJU92NsKGeSdiyznPaVpljEnPbi6UPp92ZUG5bKZztXNBJ4LFnCCLZOCkOB7SROclUMp8NG02/5i0HbEKygCatpDxs/4SglmaDSEo6NGQS+slGOtWWE06IWZoYqTKZ4TAcOJRbURPkic4GunDJCSardSosW6t8fORbGzEXsXpYZzaZXiv95g8wmd1HOpMoslWR5KMk4sikqC0AjpimxfO4AE81cVkQmWGNiXU1rV2JRuE6CzQa2oXvTChw/+VCFC7iEawjgFu7hEdrQAQIKXuEN3r0X78P7XLZX8VY1nsPaeF+/zpaXGw==</latexit><latexit sha1_base64="8rL4K0i9P3H2WUPa104+dxrt7Gw=">AAAB93icbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScOOygv2BzlAyaaYNTTIhyRTKMDufwa2u3YlP49I3MdN2YVsvXPg4J+EeTqw4M9b3v73Kzu7e/kH1sHZUPz45bZzVuybNNKEdkvJU92NsKGeSdiyznPaVpljEnPbi6UPp92ZUG5bKZztXNBJ4LFnCCLZOCkOB7SROclUMp8NG02/5i0HbEKygCatpDxs/4SglmaDSEo6NGQS+slGOtWWE06IWZoYqTKZ4TAcOJRbURPkic4GunDJCSardSosW6t8fORbGzEXsXpYZzaZXiv95g8wmd1HOpMoslWR5KMk4sikqC0AjpimxfO4AE81cVkQmWGNiXU1rV2JRuE6CzQa2oXvTChw/+VCFC7iEawjgFu7hEdrQAQIKXuEN3r0X78P7XLZX8VY1nsPaeF+/zpaXGw==</latexit><latexit sha1_base64="B8juhkTNi76X/KQUkEbTZQ3s5Q0=">AAACAnicbVC7TsMwFL0pr1JeBUaWiAqJqUpYYKxgYSwSfUhNVDmu01q1Hct2kKooG9/ACjMbYuVHGPkTnDYDbTnSlY7OuVf36ESSUW0879upbGxube9Ud2t7+weHR/Xjk65OUoVJBycsUf0IacKoIB1DDSN9qQjiESO9aHpX+L0nojRNxKOZSRJyNBY0phgZKwUBR2YSxZnMh9NhveE1vTncdeKXpAEl2sP6TzBKcMqJMJghrQe+J02YIWUoZiSvBakmEuEpGpOBpQJxosNsnjl3L6wycuNE2RHGnat/LzLEtZ7xyG4WGfWqV4j/eYPUxDdhRoVMDRF48ShOmWsStyjAHVFFsGEzSxBW1GZ18QQphI2taelLxHPbib/awDrpXjV9yx+8Ruu2bKcKZ3AOl+DDNbTgHtrQAQwSXuAV3pxn5935cD4XqxWnvDmFJThfv15/mIQ=</latexit><latexit sha1_base64="B8juhkTNi76X/KQUkEbTZQ3s5Q0=">AAACAnicbVC7TsMwFL0pr1JeBUaWiAqJqUpYYKxgYSwSfUhNVDmu01q1Hct2kKooG9/ACjMbYuVHGPkTnDYDbTnSlY7OuVf36ESSUW0879upbGxube9Ud2t7+weHR/Xjk65OUoVJBycsUf0IacKoIB1DDSN9qQjiESO9aHpX+L0nojRNxKOZSRJyNBY0phgZKwUBR2YSxZnMh9NhveE1vTncdeKXpAEl2sP6TzBKcMqJMJghrQe+J02YIWUoZiSvBakmEuEpGpOBpQJxosNsnjl3L6wycuNE2RHGnat/LzLEtZ7xyG4WGfWqV4j/eYPUxDdhRoVMDRF48ShOmWsStyjAHVFFsGEzSxBW1GZ18QQphI2taelLxHPbib/awDrpXjV9yx+8Ruu2bKcKZ3AOl+DDNbTgHtrQAQwSXuAV3pxn5935cD4XqxWnvDmFJThfv15/mIQ=</latexit><latexit sha1_base64="WFx/oEKt+TChsoieaRA0gyl5DVA=">AAACAnicbVC7SgNBFJ31GeMraqnIYBCswq6NlkEbywTMA7JLmJ3MJkNmZoeZWSEs2+kv2GptJzYp/BFLa3/C2SSFSTxw4XDOvdzDCSWj2rjul7Oyura+sVnYKm7v7O7tlw4OmzpOFCYNHLNYtUOkCaOCNAw1jLSlIoiHjLTC4W3utx6I0jQW92YkScBRX9CIYmSs5PscmUEYpTLrDrulsltxJ4DLxJuRcvVkXP95Oh3XuqVvvxfjhBNhMENadzxXmiBFylDMSFb0E00kwkPUJx1LBeJEB+kkcwbPrdKDUazsCAMn6t+LFHGtRzy0m3lGvejl4n9eJzHRdZBSIRNDBJ4+ihIGTQzzAmCPKoING1mCsKI2K8QDpBA2tqa5LyHPbCfeYgPLpHlZ8Syv23JuwBQFcAzOwAXwwBWogjtQAw2AgQTP4AW8Oo/Om/PufExXV5zZzRGYg/P5C4PDnC8=</latexit><latexit sha1_base64="WFx/oEKt+TChsoieaRA0gyl5DVA=">AAACAnicbVC7SgNBFJ31GeMraqnIYBCswq6NlkEbywTMA7JLmJ3MJkNmZoeZWSEs2+kv2GptJzYp/BFLa3/C2SSFSTxw4XDOvdzDCSWj2rjul7Oyura+sVnYKm7v7O7tlw4OmzpOFCYNHLNYtUOkCaOCNAw1jLSlIoiHjLTC4W3utx6I0jQW92YkScBRX9CIYmSs5PscmUEYpTLrDrulsltxJ4DLxJuRcvVkXP95Oh3XuqVvvxfjhBNhMENadzxXmiBFylDMSFb0E00kwkPUJx1LBeJEB+kkcwbPrdKDUazsCAMn6t+LFHGtRzy0m3lGvejl4n9eJzHRdZBSIRNDBJ4+ihIGTQzzAmCPKoING1mCsKI2K8QDpBA2tqa5LyHPbCfeYgPLpHlZ8Syv23JuwBQFcAzOwAXwwBWogjtQAw2AgQTP4AW8Oo/Om/PufExXV5zZzRGYg/P5C4PDnC8=</latexit><latexit sha1_base64="WFx/oEKt+TChsoieaRA0gyl5DVA=">AAACAnicbVC7SgNBFJ31GeMraqnIYBCswq6NlkEbywTMA7JLmJ3MJkNmZoeZWSEs2+kv2GptJzYp/BFLa3/C2SSFSTxw4XDOvdzDCSWj2rjul7Oyura+sVnYKm7v7O7tlw4OmzpOFCYNHLNYtUOkCaOCNAw1jLSlIoiHjLTC4W3utx6I0jQW92YkScBRX9CIYmSs5PscmUEYpTLrDrulsltxJ4DLxJuRcvVkXP95Oh3XuqVvvxfjhBNhMENadzxXmiBFylDMSFb0E00kwkPUJx1LBeJEB+kkcwbPrdKDUazsCAMn6t+LFHGtRzy0m3lGvejl4n9eJzHRdZBSIRNDBJ4+ihIGTQzzAmCPKoING1mCsKI2K8QDpBA2tqa5LyHPbCfeYgPLpHlZ8Syv23JuwBQFcAzOwAXwwBWogjtQAw2AgQTP4AW8Oo/Om/PufExXV5zZzRGYg/P5C4PDnC8=</latexit><latexit sha1_base64="WFx/oEKt+TChsoieaRA0gyl5DVA=">AAACAnicbVC7SgNBFJ31GeMraqnIYBCswq6NlkEbywTMA7JLmJ3MJkNmZoeZWSEs2+kv2GptJzYp/BFLa3/C2SSFSTxw4XDOvdzDCSWj2rjul7Oyura+sVnYKm7v7O7tlw4OmzpOFCYNHLNYtUOkCaOCNAw1jLSlIoiHjLTC4W3utx6I0jQW92YkScBRX9CIYmSs5PscmUEYpTLrDrulsltxJ4DLxJuRcvVkXP95Oh3XuqVvvxfjhBNhMENadzxXmiBFylDMSFb0E00kwkPUJx1LBeJEB+kkcwbPrdKDUazsCAMn6t+LFHGtRzy0m3lGvejl4n9eJzHRdZBSIRNDBJ4+ihIGTQzzAmCPKoING1mCsKI2K8QDpBA2tqa5LyHPbCfeYgPLpHlZ8Syv23JuwBQFcAzOwAXwwBWogjtQAw2AgQTP4AW8Oo/Om/PufExXV5zZzRGYg/P5C4PDnC8=</latexit><latexit sha1_base64="B8juhkTNi76X/KQUkEbTZQ3s5Q0=">AAACAnicbVC7TsMwFL0pr1JeBUaWiAqJqUpYYKxgYSwSfUhNVDmu01q1Hct2kKooG9/ACjMbYuVHGPkTnDYDbTnSlY7OuVf36ESSUW0879upbGxube9Ud2t7+weHR/Xjk65OUoVJBycsUf0IacKoIB1DDSN9qQjiESO9aHpX+L0nojRNxKOZSRJyNBY0phgZKwUBR2YSxZnMh9NhveE1vTncdeKXpAEl2sP6TzBKcMqJMJghrQe+J02YIWUoZiSvBakmEuEpGpOBpQJxosNsnjl3L6wycuNE2RHGnat/LzLEtZ7xyG4WGfWqV4j/eYPUxDdhRoVMDRF48ShOmWsStyjAHVFFsGEzSxBW1GZ18QQphI2taelLxHPbib/awDrpXjV9yx+8Ruu2bKcKZ3AOl+DDNbTgHtrQAQwSXuAV3pxn5935cD4XqxWnvDmFJThfv15/mIQ=</latexit>

G

vs
i1

<latexit sha1_base64="fCwcvlfr4RrpvjN/vmmu2XDUv3E=">AAACCnicbVC7TsNAEFzzDOHlhJLmRIQETWTTQBlBQxkk8pBiY86Xc3LK+aG7c0Rk+Q/4Blqo6RAtP0HJn3BOUpCEkVYazexqR+MnnEllWd/G2vrG5tZ2aae8u7d/cGhWqm0Zp4LQFol5LLo+lpSziLYUU5x2E0Fx6HPa8Uc3hd8ZUyFZHN2rSULdEA8iFjCClZY8s+qEWA39IBvnD9LLmGfnnlmz6tYUaJXYc1JrnDuVRwBoeuaP049JGtJIEY6l7NlWotwMC8UIp3nZSSVNMBnhAe1pGuGQSjebZs/RqVb6KIiFnkihqfr3IsOhlJPQ15tFUrnsFeJ/Xi9VwZWbsShJFY3I7FGQcqRiVBSB+kxQovhEE0wE01kRGWKBidJ1LXzxw6ITe7mBVdK+qNua3+lyrmGGEhzDCZyBDZfQgFtoQgsIPMELvMKb8Wy8Gx/G52x1zZjfHMECjK9fSNSchA==</latexit><latexit sha1_base64="tp9UqtntqSTRU6Pm5khAlX+cmw8=">AAACCnicbVC7TsMwFHV4lvJKy8hiUSHBUiUsMFawMBaJtJWaEDmu01q1nch2Kqqof8A3sMLMhlj5CUZ+ghmn7UBbjnSlo3Pu1T06Ucqo0o7zZa2tb2xubZd2yrt7+weHdqXaUkkmMfFwwhLZiZAijAriaaoZ6aSSIB4x0o6GN4XfHhGpaCLu9TglAUd9QWOKkTZSaFd9jvQgivPR5EGFOQ3dSWjXnLozBVwl7pzUGud+Jfjx/GZof/u9BGecCI0ZUqrrOqkOciQ1xYxMyn6mSIrwEPVJ11CBOFFBPs0+gadG6cE4kWaEhlP170WOuFJjHpnNIqla9grxP6+b6fgqyKlIM00Enj2KMwZ1AosiYI9KgjUbG4KwpCYrxAMkEdamroUvES86cZcbWCWti7pr+J0p5xrMUALH4AScARdcgga4BU3gAQwewTN4Aa/Wk/VmvVsfs9U1a35zBBZgff4CkzqeKA==</latexit><latexit sha1_base64="tp9UqtntqSTRU6Pm5khAlX+cmw8=">AAACCnicbVC7TsMwFHV4lvJKy8hiUSHBUiUsMFawMBaJtJWaEDmu01q1nch2Kqqof8A3sMLMhlj5CUZ+ghmn7UBbjnSlo3Pu1T06Ucqo0o7zZa2tb2xubZd2yrt7+weHdqXaUkkmMfFwwhLZiZAijAriaaoZ6aSSIB4x0o6GN4XfHhGpaCLu9TglAUd9QWOKkTZSaFd9jvQgivPR5EGFOQ3dSWjXnLozBVwl7pzUGud+Jfjx/GZof/u9BGecCI0ZUqrrOqkOciQ1xYxMyn6mSIrwEPVJ11CBOFFBPs0+gadG6cE4kWaEhlP170WOuFJjHpnNIqla9grxP6+b6fgqyKlIM00Enj2KMwZ1AosiYI9KgjUbG4KwpCYrxAMkEdamroUvES86cZcbWCWti7pr+J0p5xrMUALH4AScARdcgga4BU3gAQwewTN4Aa/Wk/VmvVsfs9U1a35zBBZgff4CkzqeKA==</latexit><latexit sha1_base64="QJOYeSCLbkZHgyoYt58+qNMf16w=">AAAB6HicbZBLSwMxFIXv1FetVevaTbAIrsqMG10KblxWsA9oh5LJ3GlD8xiSjFKG/gG3rt2J/8ml/8T0sbDWA4GPcxLuzUlywa0Lw6+gsrO7t39QPawd1WvHJ6eNetfqwjDsMC206SfUouAKO447gf3cIJWJwF4yvV/kvWc0lmv15GY5xpKOFc84o85b7VGjGbbCpcg2RGtowlqjxvcw1ayQqBwT1NpBFOYuLqlxnAmc14aFxZyyKR3jwKOiEm1cLteck0vvpCTTxh/lyNL9/aKk0tqZTPxNSd3E/s0W5n/ZoHDZbVxylRcOFVsNygpBnCaLP5OUG2ROzDxQZrjflbAJNZQ538zGlETOfSXR3wK2oXvdijw/hlCFc7iAK4jgBu7gAdrQAQYpvMJb8BK8Bx+r6irBusMz2FDw+QN9JZC/</latexit><latexit sha1_base64="O3lGFywG1qxmLfr/ZBxoCEF6Ph0=">AAAB/3icbZC9TsMwFIVv+C2lQOjKYlEhMVUJC4xILIxFoj9SGyLHdVqrthPZTkUV5Q14BlaY2RBPwsib4LQdaMuVrvTpHFv36EQpZ9p43reztb2zu7dfOage1o6OT9zTWkcnmSK0TRKeqF6ENeVM0rZhhtNeqigWEafdaHJX+t0pVZol8tHMUhoIPJIsZgQbK4VufSCwGUdxPi2edJiz0C9Ct+E1vfmgTfCX0IDltEL3ZzBMSCaoNIRjrfu+l5ogx8owwmlRHWSapphM8Ij2LUosqA7yefYCXVhliOJE2ZUGzdW/P3IstJ6JyL4sk+p1rxT/8/qZiW+CnMk0M1SSxaE448gkqCwCDZmixPCZBUwUs1kRGWOFibF1rVyJRNmJv97AJnSumr7lBw8qcAbncAk+XMMt3EML2kDgGV7hDd6dF+fD+Vy0t+Usa6zDyjhfv+aRmd0=</latexit><latexit sha1_base64="O3lGFywG1qxmLfr/ZBxoCEF6Ph0=">AAAB/3icbZC9TsMwFIVv+C2lQOjKYlEhMVUJC4xILIxFoj9SGyLHdVqrthPZTkUV5Q14BlaY2RBPwsib4LQdaMuVrvTpHFv36EQpZ9p43reztb2zu7dfOage1o6OT9zTWkcnmSK0TRKeqF6ENeVM0rZhhtNeqigWEafdaHJX+t0pVZol8tHMUhoIPJIsZgQbK4VufSCwGUdxPi2edJiz0C9Ct+E1vfmgTfCX0IDltEL3ZzBMSCaoNIRjrfu+l5ogx8owwmlRHWSapphM8Ij2LUosqA7yefYCXVhliOJE2ZUGzdW/P3IstJ6JyL4sk+p1rxT/8/qZiW+CnMk0M1SSxaE448gkqCwCDZmixPCZBUwUs1kRGWOFibF1rVyJRNmJv97AJnSumr7lBw8qcAbncAk+XMMt3EML2kDgGV7hDd6dF+fD+Vy0t+Usa6zDyjhfv+aRmd0=</latexit><latexit sha1_base64="M2Ifaq2rc699uYk11vouvjB37ws=">AAACCnicbVC7TsNAEFyHVwgvE0qaExESVWTTQBlBQxkk8pCSYJ0v5+SUO9u6O0dElv+Ab6CFmg7R8hOU/AnnxAVJGGml0cyudjR+zJnSjvNtlTY2t7Z3yruVvf2DwyP7uNpWUSIJbZGIR7LrY0U5C2lLM81pN5YUC5/Tjj+5zf3OlErFovBBz2I6EHgUsoARrI3k2dW+wHrsB+k0e1Reyjw38+yaU3fmQOvELUgNCjQ9+6c/jEgiaKgJx0r1XCfWgxRLzQinWaWfKBpjMsEj2jM0xIKqQTrPnqFzowxREEkzoUZz9e9FioVSM+GbzTypWvVy8T+vl+jgepCyME40DcniUZBwpCOUF4GGTFKi+cwQTCQzWREZY4mJNnUtffFF3om72sA6aV/WXcPvnVrjpminDKdwBhfgwhU04A6a0AICT/ACr/BmPVvv1of1uVgtWcXNCSzB+voFk7ibTg==</latexit><latexit sha1_base64="M2Ifaq2rc699uYk11vouvjB37ws=">AAACCnicbVC7TsNAEFyHVwgvE0qaExESVWTTQBlBQxkk8pCSYJ0v5+SUO9u6O0dElv+Ab6CFmg7R8hOU/AnnxAVJGGml0cyudjR+zJnSjvNtlTY2t7Z3yruVvf2DwyP7uNpWUSIJbZGIR7LrY0U5C2lLM81pN5YUC5/Tjj+5zf3OlErFovBBz2I6EHgUsoARrI3k2dW+wHrsB+k0e1Reyjw38+yaU3fmQOvELUgNCjQ9+6c/jEgiaKgJx0r1XCfWgxRLzQinWaWfKBpjMsEj2jM0xIKqQTrPnqFzowxREEkzoUZz9e9FioVSM+GbzTypWvVy8T+vl+jgepCyME40DcniUZBwpCOUF4GGTFKi+cwQTCQzWREZY4mJNnUtffFF3om72sA6aV/WXcPvnVrjpminDKdwBhfgwhU04A6a0AICT/ACr/BmPVvv1of1uVgtWcXNCSzB+voFk7ibTg==</latexit><latexit sha1_base64="tp9UqtntqSTRU6Pm5khAlX+cmw8=">AAACCnicbVC7TsMwFHV4lvJKy8hiUSHBUiUsMFawMBaJtJWaEDmu01q1nch2Kqqof8A3sMLMhlj5CUZ+ghmn7UBbjnSlo3Pu1T06Ucqo0o7zZa2tb2xubZd2yrt7+weHdqXaUkkmMfFwwhLZiZAijAriaaoZ6aSSIB4x0o6GN4XfHhGpaCLu9TglAUd9QWOKkTZSaFd9jvQgivPR5EGFOQ3dSWjXnLozBVwl7pzUGud+Jfjx/GZof/u9BGecCI0ZUqrrOqkOciQ1xYxMyn6mSIrwEPVJ11CBOFFBPs0+gadG6cE4kWaEhlP170WOuFJjHpnNIqla9grxP6+b6fgqyKlIM00Enj2KMwZ1AosiYI9KgjUbG4KwpCYrxAMkEdamroUvES86cZcbWCWti7pr+J0p5xrMUALH4AScARdcgga4BU3gAQwewTN4Aa/Wk/VmvVsfs9U1a35zBBZgff4CkzqeKA==</latexit><latexit sha1_base64="tp9UqtntqSTRU6Pm5khAlX+cmw8=">AAACCnicbVC7TsMwFHV4lvJKy8hiUSHBUiUsMFawMBaJtJWaEDmu01q1nch2Kqqof8A3sMLMhlj5CUZ+ghmn7UBbjnSlo3Pu1T06Ucqo0o7zZa2tb2xubZd2yrt7+weHdqXaUkkmMfFwwhLZiZAijAriaaoZ6aSSIB4x0o6GN4XfHhGpaCLu9TglAUd9QWOKkTZSaFd9jvQgivPR5EGFOQ3dSWjXnLozBVwl7pzUGud+Jfjx/GZof/u9BGecCI0ZUqrrOqkOciQ1xYxMyn6mSIrwEPVJ11CBOFFBPs0+gadG6cE4kWaEhlP170WOuFJjHpnNIqla9grxP6+b6fgqyKlIM00Enj2KMwZ1AosiYI9KgjUbG4KwpCYrxAMkEdamroUvES86cZcbWCWti7pr+J0p5xrMUALH4AScARdcgga4BU3gAQwewTN4Aa/Wk/VmvVsfs9U1a35zBBZgff4CkzqeKA==</latexit><latexit sha1_base64="tp9UqtntqSTRU6Pm5khAlX+cmw8=">AAACCnicbVC7TsMwFHV4lvJKy8hiUSHBUiUsMFawMBaJtJWaEDmu01q1nch2Kqqof8A3sMLMhlj5CUZ+ghmn7UBbjnSlo3Pu1T06Ucqo0o7zZa2tb2xubZd2yrt7+weHdqXaUkkmMfFwwhLZiZAijAriaaoZ6aSSIB4x0o6GN4XfHhGpaCLu9TglAUd9QWOKkTZSaFd9jvQgivPR5EGFOQ3dSWjXnLozBVwl7pzUGud+Jfjx/GZof/u9BGecCI0ZUqrrOqkOciQ1xYxMyn6mSIrwEPVJ11CBOFFBPs0+gadG6cE4kWaEhlP170WOuFJjHpnNIqla9grxP6+b6fgqyKlIM00Enj2KMwZ1AosiYI9KgjUbG4KwpCYrxAMkEdamroUvES86cZcbWCWti7pr+J0p5xrMUALH4AScARdcgga4BU3gAQwewTN4Aa/Wk/VmvVsfs9U1a35zBBZgff4CkzqeKA==</latexit><latexit sha1_base64="tp9UqtntqSTRU6Pm5khAlX+cmw8=">AAACCnicbVC7TsMwFHV4lvJKy8hiUSHBUiUsMFawMBaJtJWaEDmu01q1nch2Kqqof8A3sMLMhlj5CUZ+ghmn7UBbjnSlo3Pu1T06Ucqo0o7zZa2tb2xubZd2yrt7+weHdqXaUkkmMfFwwhLZiZAijAriaaoZ6aSSIB4x0o6GN4XfHhGpaCLu9TglAUd9QWOKkTZSaFd9jvQgivPR5EGFOQ3dSWjXnLozBVwl7pzUGud+Jfjx/GZof/u9BGecCI0ZUqrrOqkOciQ1xYxMyn6mSIrwEPVJ11CBOFFBPs0+gadG6cE4kWaEhlP170WOuFJjHpnNIqla9grxP6+b6fgqyKlIM00Enj2KMwZ1AosiYI9KgjUbG4KwpCYrxAMkEdamroUvES86cZcbWCWti7pr+J0p5xrMUALH4AScARdcgga4BU3gAQwewTN4Aa/Wk/VmvVsfs9U1a35zBBZgff4CkzqeKA==</latexit><latexit sha1_base64="M2Ifaq2rc699uYk11vouvjB37ws=">AAACCnicbVC7TsNAEFyHVwgvE0qaExESVWTTQBlBQxkk8pCSYJ0v5+SUO9u6O0dElv+Ab6CFmg7R8hOU/AnnxAVJGGml0cyudjR+zJnSjvNtlTY2t7Z3yruVvf2DwyP7uNpWUSIJbZGIR7LrY0U5C2lLM81pN5YUC5/Tjj+5zf3OlErFovBBz2I6EHgUsoARrI3k2dW+wHrsB+k0e1Reyjw38+yaU3fmQOvELUgNCjQ9+6c/jEgiaKgJx0r1XCfWgxRLzQinWaWfKBpjMsEj2jM0xIKqQTrPnqFzowxREEkzoUZz9e9FioVSM+GbzTypWvVy8T+vl+jgepCyME40DcniUZBwpCOUF4GGTFKi+cwQTCQzWREZY4mJNnUtffFF3om72sA6aV/WXcPvnVrjpminDKdwBhfgwhU04A6a0AICT/ACr/BmPVvv1of1uVgtWcXNCSzB+voFk7ibTg==</latexit>

vs
ik

<latexit sha1_base64="ZztwUR8Gi0tBMhzqTACa3xlCg+E=">AAACCnicbVC7SgNBFL3rM8bXGkubwSBoE3ZttAzaWEYwD0jiMjuZTYbMzi4zs8Gw7B/4DbZaCxZia+kPWPonziYpTOKBC4dz7uUejh9zprTjfFsrq2vrG5uFreL2zu7evn1QaqgokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH17nfnNEpWKRuNPjmHZD3BcsYARrI3l2qRNiPfCDdJTdKy9l3jDz7LJTcSZAy8SdkXL17OutCgA1z/7p9CKShFRowrFSbdeJdTfFUjPCaVbsJIrGmAxxn7YNFTikqptOsmfoxCg9FETSjNBoov69SHGo1Dj0zWaeVC16ufif1050cNlNmYgTTQWZPgoSjnSE8iJQj0lKNB8bgolkJisiAywx0aauuS9+mHfiLjawTBrnFdfwW1POFUxRgCM4hlNw4QKqcAM1qAOBB3iCZ3ixHq1X6936mK6uWLObQ5iD9fkL/Budsg==</latexit><latexit sha1_base64="Ep3cg9cVcba0sQbA0rHqqtkeSmU=">AAACCnicbVDLSsNAFL2pr1pfsS7dBIugm5IIosuiG5cV7APaGibTSTt0Jgkzk2IJ+QNXfoBbXQsuxK1L/QCX/omTtgvbeuDC4Zx7uYfjRYxKZdvfRm5peWV1Lb9e2Njc2t4xd4t1GcYCkxoOWSiaHpKE0YDUFFWMNCNBEPcYaXiDy8xvDImQNAxu1CgiHY56AfUpRkpLrllsc6T6np8M01vpJtQdpK5Zssv2GNYicaakVDn+fD2Fh6+qa/60uyGOOQkUZkjKlmNHqpMgoShmJC20Y0kihAeoR1qaBogT2UnG2VPrUCtdyw+FnkBZY/XvRYK4lCPu6c0sqZz3MvE/rxUr/7yT0CCKFQnw5JEfM0uFVlaE1aWCYMVGmiAsqM5q4T4SCCtd18wXj2edOPMNLJL6SdnR/FqXcwET5GEfDuAIHDiDClxBFWqA4Q4e4QmejXvjxXgz3ierOWN6swczMD5+AdV6nwY=</latexit><latexit sha1_base64="Ep3cg9cVcba0sQbA0rHqqtkeSmU=">AAACCnicbVDLSsNAFL2pr1pfsS7dBIugm5IIosuiG5cV7APaGibTSTt0Jgkzk2IJ+QNXfoBbXQsuxK1L/QCX/omTtgvbeuDC4Zx7uYfjRYxKZdvfRm5peWV1Lb9e2Njc2t4xd4t1GcYCkxoOWSiaHpKE0YDUFFWMNCNBEPcYaXiDy8xvDImQNAxu1CgiHY56AfUpRkpLrllsc6T6np8M01vpJtQdpK5Zssv2GNYicaakVDn+fD2Fh6+qa/60uyGOOQkUZkjKlmNHqpMgoShmJC20Y0kihAeoR1qaBogT2UnG2VPrUCtdyw+FnkBZY/XvRYK4lCPu6c0sqZz3MvE/rxUr/7yT0CCKFQnw5JEfM0uFVlaE1aWCYMVGmiAsqM5q4T4SCCtd18wXj2edOPMNLJL6SdnR/FqXcwET5GEfDuAIHDiDClxBFWqA4Q4e4QmejXvjxXgz3ierOWN6swczMD5+AdV6nwY=</latexit><latexit sha1_base64="SduBecKwRpa5Ub7RZ3Zg0mi+oos=">AAACCnicbVC7TsNAEFyHVwgvE0qaExESVWTTQBlBQxkk8pCSYJ0v5+SUO9u6O0dElv+Ab6CFmg7R8hOU/AnnxAVJGGml0cyudjR+zJnSjvNtlTY2t7Z3yruVvf2DwyP7uNpWUSIJbZGIR7LrY0U5C2lLM81pN5YUC5/Tjj+5zf3OlErFovBBz2I6EHgUsoARrI3k2dW+wHrsB+k0e1ReyrxJ5tk1p+7MgdaJW5AaFGh69k9/GJFE0FATjpXquU6sBymWmhFOs0o/UTTGZIJHtGdoiAVVg3SePUPnRhmiIJJmQo3m6t+LFAulZsI3m3lSterl4n9eL9HB9SBlYZxoGpLFoyDhSEcoLwINmaRE85khmEhmsiIyxhITbepa+uKLvBN3tYF10r6su4bfO7XGTdFOGU7hDC7AhStowB00oQUEnuAFXuHNerberQ/rc7FasoqbE1iC9fUL70CbiA==</latexit>

vt
ik

<latexit sha1_base64="KsFC9fGsrIF+7RSp3vLfXdtkLmw=">AAACCnicbVC7SgNBFL3rM8bXGkubwSBoE3ZttAzaWEYwD0jiMjuZTYbMzi4zs8Gw7B/4DbZaCxZia+kPWPonziYpTOKBC4dz7uUejh9zprTjfFsrq2vrG5uFreL2zu7evn1QaqgokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH17nfnNEpWKRuNPjmHZD3BcsYARrI3l2qRNiPfCDdJTday9l3jDz7LJTcSZAy8SdkXL17OutCgA1z/7p9CKShFRowrFSbdeJdTfFUjPCaVbsJIrGmAxxn7YNFTikqptOsmfoxCg9FETSjNBoov69SHGo1Dj0zWaeVC16ufif1050cNlNmYgTTQWZPgoSjnSE8iJQj0lKNB8bgolkJisiAywx0aauuS9+mHfiLjawTBrnFdfwW1POFUxRgCM4hlNw4QKqcAM1qAOBB3iCZ3ixHq1X6936mK6uWLObQ5iD9fkL/bSdsw==</latexit><latexit sha1_base64="OlSf7N8+8FaWtzOlg4JRe+22UYk=">AAACCnicbVDLSsNAFL2pr1pfsS7dBIugm5IIosuiG5cV7APaGibTSTt0Jgkzk2IJ+QNXfoBbXQsuxK1L/QCX/omTtgvbeuDC4Zx7uYfjRYxKZdvfRm5peWV1Lb9e2Njc2t4xd4t1GcYCkxoOWSiaHpKE0YDUFFWMNCNBEPcYaXiDy8xvDImQNAxu1CgiHY56AfUpRkpLrllsc6T6np8M01vlJtQdpK5Zssv2GNYicaakVDn+fD2Fh6+qa/60uyGOOQkUZkjKlmNHqpMgoShmJC20Y0kihAeoR1qaBogT2UnG2VPrUCtdyw+FnkBZY/XvRYK4lCPu6c0sqZz3MvE/rxUr/7yT0CCKFQnw5JEfM0uFVlaE1aWCYMVGmiAsqM5q4T4SCCtd18wXj2edOPMNLJL6SdnR/FqXcwET5GEfDuAIHDiDClxBFWqA4Q4e4QmejXvjxXgz3ierOWN6swczMD5+AdcTnwc=</latexit><latexit sha1_base64="OlSf7N8+8FaWtzOlg4JRe+22UYk=">AAACCnicbVDLSsNAFL2pr1pfsS7dBIugm5IIosuiG5cV7APaGibTSTt0Jgkzk2IJ+QNXfoBbXQsuxK1L/QCX/omTtgvbeuDC4Zx7uYfjRYxKZdvfRm5peWV1Lb9e2Njc2t4xd4t1GcYCkxoOWSiaHpKE0YDUFFWMNCNBEPcYaXiDy8xvDImQNAxu1CgiHY56AfUpRkpLrllsc6T6np8M01vlJtQdpK5Zssv2GNYicaakVDn+fD2Fh6+qa/60uyGOOQkUZkjKlmNHqpMgoShmJC20Y0kihAeoR1qaBogT2UnG2VPrUCtdyw+FnkBZY/XvRYK4lCPu6c0sqZz3MvE/rxUr/7yT0CCKFQnw5JEfM0uFVlaE1aWCYMVGmiAsqM5q4T4SCCtd18wXj2edOPMNLJL6SdnR/FqXcwET5GEfDuAIHDiDClxBFWqA4Q4e4QmejXvjxXgz3ierOWN6swczMD5+AdcTnwc=</latexit><latexit sha1_base64="yRVgU+zWDYXJtBP2OE1nURazK6k=">AAACCnicbVC7TsNAEDyHVwgvE0qaExESVWTTQBlBQxkk8pCSYJ0v5+SUO9u6W0dElv+Ab6CFmg7R8hOU/AnnxAVJGGml0cyudjR+LLgGx/m2ShubW9s75d3K3v7B4ZF9XG3rKFGUtWgkItX1iWaCh6wFHATrxooR6QvW8Se3ud+ZMqV5FD7ALGYDSUYhDzglYCTPrvYlgbEfpNPsEbyUe5PMs2tO3ZkDrxO3IDVUoOnZP/1hRBPJQqCCaN1znRgGKVHAqWBZpZ9oFhM6ISPWMzQkkulBOs+e4XOjDHEQKTMh4Ln69yIlUuuZ9M1mnlSvern4n9dLILgepDyME2AhXTwKEoEhwnkReMgVoyBmhhCquMmK6ZgoQsHUtfTFl3kn7moD66R9WXcNv3dqjZuinTI6RWfoArnoCjXQHWqiFqLoCb2gV/RmPVvv1of1uVgtWcXNCVqC9fUL8NmbiQ==</latexit>

vt
i1

<latexit sha1_base64="rlUGcEK2hJgXPrnpGBU1cPwoWqU=">AAACCnicbVC7TsNAEFzzDOHlhJLmRIQETWTTQBlBQxkk8pBiY86Xc3LK+aG7c0Rk+Q/4Blqo6RAtP0HJn3BOUpCEkVYazexqR+MnnEllWd/G2vrG5tZ2aae8u7d/cGhWqm0Zp4LQFol5LLo+lpSziLYUU5x2E0Fx6HPa8Uc3hd8ZUyFZHN2rSULdEA8iFjCClZY8s+qEWA39IBvnD8rLmGfnnlmz6tYUaJXYc1JrnDuVRwBoeuaP049JGtJIEY6l7NlWotwMC8UIp3nZSSVNMBnhAe1pGuGQSjebZs/RqVb6KIiFnkihqfr3IsOhlJPQ15tFUrnsFeJ/Xi9VwZWbsShJFY3I7FGQcqRiVBSB+kxQovhEE0wE01kRGWKBidJ1LXzxw6ITe7mBVdK+qNua3+lyrmGGEhzDCZyBDZfQgFtoQgsIPMELvMKb8Wy8Gx/G52x1zZjfHMECjK9fSm2chQ==</latexit><latexit sha1_base64="fzIpJzWvVRBzifFg+nH8K+uDmSc=">AAACCnicbVC7TsMwFHV4lvJKy8hiUSHBUiUsMFawMBaJtJWaEDmu01q1nch2Kqqof8A3sMLMhlj5CUZ+ghmn7UBbjnSlo3Pu1T06Ucqo0o7zZa2tb2xubZd2yrt7+weHdqXaUkkmMfFwwhLZiZAijAriaaoZ6aSSIB4x0o6GN4XfHhGpaCLu9TglAUd9QWOKkTZSaFd9jvQgivPR5EGHOQ3dSWjXnLozBVwl7pzUGud+Jfjx/GZof/u9BGecCI0ZUqrrOqkOciQ1xYxMyn6mSIrwEPVJ11CBOFFBPs0+gadG6cE4kWaEhlP170WOuFJjHpnNIqla9grxP6+b6fgqyKlIM00Enj2KMwZ1AosiYI9KgjUbG4KwpCYrxAMkEdamroUvES86cZcbWCWti7pr+J0p5xrMUALH4AScARdcgga4BU3gAQwewTN4Aa/Wk/VmvVsfs9U1a35zBBZgff4ClNOeKQ==</latexit><latexit sha1_base64="fzIpJzWvVRBzifFg+nH8K+uDmSc=">AAACCnicbVC7TsMwFHV4lvJKy8hiUSHBUiUsMFawMBaJtJWaEDmu01q1nch2Kqqof8A3sMLMhlj5CUZ+ghmn7UBbjnSlo3Pu1T06Ucqo0o7zZa2tb2xubZd2yrt7+weHdqXaUkkmMfFwwhLZiZAijAriaaoZ6aSSIB4x0o6GN4XfHhGpaCLu9TglAUd9QWOKkTZSaFd9jvQgivPR5EGHOQ3dSWjXnLozBVwl7pzUGud+Jfjx/GZof/u9BGecCI0ZUqrrOqkOciQ1xYxMyn6mSIrwEPVJ11CBOFFBPs0+gadG6cE4kWaEhlP170WOuFJjHpnNIqla9grxP6+b6fgqyKlIM00Enj2KMwZ1AosiYI9KgjUbG4KwpCYrxAMkEdamroUvES86cZcbWCWti7pr+J0p5xrMUALH4AScARdcgga4BU3gAQwewTN4Aa/Wk/VmvVsfs9U1a35zBBZgff4ClNOeKQ==</latexit><latexit sha1_base64="IEXFen9NHzYrN+Cj7MgRKwYATE4=">AAACCnicbVC7TsNAEDyHVwgvE0qaExESVWTTQBlBQxkk8pCSYJ0v5+SUO9u6W0dElv+Ab6CFmg7R8hOU/AnnxAVJGGml0cyudjR+LLgGx/m2ShubW9s75d3K3v7B4ZF9XG3rKFGUtWgkItX1iWaCh6wFHATrxooR6QvW8Se3ud+ZMqV5FD7ALGYDSUYhDzglYCTPrvYlgbEfpNPsEbyUe27m2TWn7syB14lbkBoq0PTsn/4woolkIVBBtO65TgyDlCjgVLCs0k80iwmdkBHrGRoSyfQgnWfP8LlRhjiIlJkQ8Fz9e5ESqfVM+mYzT6pXvVz8z+slEFwPUh7GCbCQLh4FicAQ4bwIPOSKURAzQwhV3GTFdEwUoWDqWvriy7wTd7WBddK+rLuG3zu1xk3RThmdojN0gVx0hRroDjVRC1H0hF7QK3qznq1368P6XKyWrOLmBC3B+voFlVGbTw==</latexit>
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Figure 1: Neural Architecture of Inf-VAE depicting latent variable interactions. The left side indicates the VAE framework to
model social homophily; right side denotes the co-attentive fusion network to integrate the social and temporal variables.

set of all latent user popularity variables are denoted by VP , while
PK represents the set of position-encoded temporal embeddings.

4.1.3 Co-attentive Diffusion Episode Generation. Let us con-
sider a single diffusion episode (I ,C) ∈ T, with seed activations I =
{(vi1 , 1), . . . , (vik ,k)} and influenced usersC = {vik+1 , . . . ,viK }. A
diffusion model aims to predict the set of influenced users C given

seed activations I . Since diffusion is always conditioned on I , we
propose a conditional generative process to sample C given I .

Let us denote the set of seed users by IU = {vi1 , . . . ,vik }. Our
objective is to jointly model the effects of social homophily and

temporal influence exerted by seed users IU , which can be summa-

rized by: sender sequence (vsi1 , v
s
i2
, . . . , vsiK

); and temporal influence
sequence (vti1 , v

t
i2
, . . . , vtiK

). To model complex correlations between

the sender and temporal influence sequences, we propose an expres-

sive co-attentive fusion strategy to learn attention scores for each

seed user by modeling interactions between the two sequences. We

describe the conditional generative process in two steps:

• The social homophily and temporal influence aspects of seed

users, are integrated into an aggregate seed set representation hI .
The co-attentive fusion network Gdiff(·) performs homophily-

guided temporal attention, i.e., attends over the temporal influ-

ence variables by computing co-attentional weights that jointly

depend on both homophily and temporal influence characteris-

tics. As illustrated in Figure 1, the sender and temporal influence

variables of seed users feed into a fusion networkGdiff(vsik , v
t
ik
).

The aggregate seed representation hI is computed as:

αk =
exp(Gdiff(vsik , v

t
ik
(k)))

K∑
j=1

exp(Gdiff(v
s
i j
, vti j

(j)))

hI =
K∑
j=1

α jvti j (j) (4)

Each α j is the normalized co-attentional coefficient for seed user

vik denoting its contribution in computing the aggregate repre-

sentation hI . To model the co-dependence between vsi , v
t
i , we de-

fine the co-attentive functionGdiff(vsik , v
t
ik
) = tanh(vsik

TW vtik )
as a bi-linear product parameterized byW ∈ RD×D

.

• The probability of influencing an inactive uservj depends on the

sending capacity of seed users (embedded in hI ) and her receiving
capability (encoded by receiver variable vrj ). We quantify the

likelihood of influencing vj by hTI v
r
j . For each inactive user vj ∈

V− IU , we draw a binary variable Cj ∈ {0, 1} indicating whether

user vj is influenced by set users IU or not, given by:

Cj ∼ Ber (σ (hTI v
r
j )) ∀vj ∈ V − {vi1 , . . . ,viK } (5)

where σ (·) is the sigmoid function and Ber (·) is the Bernoulli dis-
tribution. The corresponding logistic log-likelihood of generating

a single diffusion episode (I ,C) is given by:

Ldiff

I ,C = logpθ (C | I ,VS ,VR ,VP ) (6)

=
∑
v ∈C

η log(σ (hTI v
r
i )) +

∑
vn ∈V−C−IU

log(1 − σ (hTI v
r
n ))

Here, η re-weights positive examples since the actual number of

influenced users is much smaller than the total number of users.

4.2 Model Likelihood
Due to the intractability of analytically computing the latent poste-

rior distribution p(VS ,VR ,VP ,Z |G,T), we use variational inference
to factorize the posterior with a mean-field approximation:

q(VS ,VR ,VP ,Z |G) = q(VS )q(VR )q(VP )q(Z |G) (7)

The variational distributions of variables VS ,VR , and VP follow

normal distributions while the social variablesZ are conditioned on

G through a structure-encoding inference network [19]. Specifically,

the variational distribution of Z denoted by qϕ (Z |G), is a diagonal

normal distribution parameterized by fenc(G) defined as:

fenc(G) ≡ [µϕ (G), logσ
2

ϕ (G)] qϕ (Z |G) = N

(
µϕ (G),diaд(σ

2

ϕ (G))
)

The inference network outputs the parameters, µϕ (G),σϕ (G) of
the variational distribution qϕ (Z |G), which is designed to approxi-

mate the corresponding posterior p(Z |G). The inference network

fenc(G) endows the model with added flexibility to incorporate

arbitrary neighborhood aggregation functions such as graph convo-

lutions [21], attentions [39], etc. The variational structure distribu-

tion qϕ (Z |G) and the structure generative model pθ (G|Z ) (Eqn. 1)
together constitutes a variational graph autoencoder [20].

4.3 Neural Graph Autoencoder Details
In this section, we describe functions fenc(G) and fdec(Z ) which
describe the graph structure inference and generative networks



of Inf-VAE. The encoder summarizes local social neighborhoods

into latent vectors, which are subsequently transformed by the de-
coder into high-dimensional structural information (e.g., adjacency
matrix). Hamilton et al. [14] present an encoder-decoder framework

to conceptually unify a large family of graph embedding methods.

Encoder architectures fall into three major categories: embedding

lookups [12, 29], neighborhood vector encoding [40], and neighbor-

hood aggregation [13], while decoders comprise unary and pairwise

variants. In Inf-VAE, we explore two representative choices:

• MLP + MLP: We use a Multi-Layer Perceptron (MLP) to both

encode and decode the laplacian matrix of G, given by L =
D−1/2AD−1/2

. The neighborhood vector for user vi , denoted by

ai , is the ith row of L = [a1, . . . , aN ]T . The encoder is an MLP

network fenc(ai ) which encodes ai into zi , while the decoder
fdec(zi ) strives to reconstruct ai from zi . We introduce a re-

weighting vector bi = {bi j }
N
j=1 where bi j = 1 if Li j = 0 and

bi j = β > 1 when Li j > 0. β is a confidence parameter that re-

weights the positive terms (Li j > 0) to balance the unobserved 0
′s

which far outnumber the observed links in real-world networks.

The generative process to obtain ai from zi is given by:

ai ∼ pθ (ai |zi ) = N(fdec(zi ),diaд(bi ))

where diaд(bi ) is a diagonal matrix with non-zero entries from

vector bi . The corresponding Gaussian log-likelihood is given by:

logpθ (A|Z ) =
N∑
i=1

logpθ (ai |zi ) =
N∑
i=1



bi ⊙ (ai − fdec(zi ))


2

• GCN + Inner Product: We use a Graph Convolutional Network

(GCN) as the encoder and an inner product decoder that maps

pairs of user embeddings to a binary indicator of link existence

in G. The GCN network comprises multiple stacked graph con-

volutional layers to extract features from higher-order structural

neighborhoods. The input to a layer is a user feature (or embed-

ding) matrix X ∈ RN×F
and a normalized adjacency matrix

ˆA,
where each GCN layer computes the function:

fenc(A) = σ ( ˆAXW ) ˆA = D−1/2AD−1/2 + IN

whereX is an identity matrix encoding user identities. Each entry

Ai j of adjacency matrix A is generated according to:

Ai j ∼ pθ (Ai j |zi , zj ) = Ber (σ (zTi zj ))

Similar to above, we re-weight the positive entries of A with a

confidence parameter β . The logistic log-likelihood is given by:

logpθ (A|Z ) =
∑

(i , j)∈E

β log(σ (zTi zj )) +
∑

(i , j)<E

log(1 − σ (zTi zj ))

As an alternative to re-weighting positive entries, negative sam-

pling [29] can scale this objective to large-scale networks.

4.4 Model Inference
The overall objective maximizes a lower bound on the marginal log

likelihood, also named evidence lower bound (ELBO) [5], given by:

Lq = Eq [logp(G,T,VS ,VR ,VP ,Z ) − logq(VS ,VR ,VP ,Z |G)] (8)

Note that Lq is a function of both generative (θ ) and variational

(ϕ) parameters. However, an analytical computation of the expec-

tation with respect to qϕ (Z |G) is intractable, while Monte Carlo

Algorithm 1 Inf-VAE training with block coordinate ascent.

Input: Social Network (G), Training episodes (T)
Output: MAP estimates of VS ,VR ,VP and parameters θ ,ϕ.
1: Initialize latent variables from a standard normal distribution.

2: Pre-training: Train fdec(G|Z ) and fenc(Z |G) on G using a

VAE with log-likelihood:

LVAE = Eqϕ (Z |G) logpθ (G|Z ) − DKL(qϕ (Z |G),p(Z ))

3: while not converged do
▷ Optimize over social network G

4: for each batch of users U ⊆ V do
5: Fix VS ,VR ,VP ,Gdiff(·) and update weights of fenc(G)

and fdec(Z ) using mini-batch gradient ascent (Eqn. 9)

▷ Optimize over diffusion episodes T
6: for each batch of diffusion episodes B ⊆ T do
7: Fix Z , fenc(G), fdec(Z ) and update VS ,VR ,VP , and

Gdiff(.) using mini-batch gradient ascent. (Eqn. 9)

sampling prevents gradient back-propagation to the neural param-

eters of fenc(G). With the reparametrization trick [19], we instead

sample ϵ ∼ N(0, IN×D ) and form samples ofZ = µϕ (G)+ϵ⊙σϕ (G).
This isolates the stochasticity during sampling and the gradient

with respect to ϕ can be back-propagated through the sampled Z .

4.4.1 Optimization. Since bayesian methods to infer latent pos-

teriors incur high computational costs, and considering our goal

of making good predictions rather than explanations, we resort

to MAP (Maximum A Posteriori) estimation. Thus, we sample Z
from qϕ (Z |G) using point estimates for VS ,VR and VP . We maxi-

mize the joint log-likelihood with MAP estimates of latent variables

VS ,VR ,VP , inference and generative network parameters θ,ϕ, and
observations T and G, given hyper-parameters λs , λr , λp :

LMAP = Eqϕ [logpθ (G|Z )] − DKL(qϕ ,p(Z )) +
∑

(I ,C )∈T

Ldiff

I ,C (9)

−

N∑
i=1

(
λs
2

Eqϕ ∥v
s
i − zi ∥2 +

λr
2

Eqϕ ∥v
r
i − zi ∥2 +

λp

2

∥vpi ∥
2

)
where qϕ is a shorthand for qϕ (Z |G), and Eqϕ (Z |G)[Z ] is equal

to µϕ (G) output by the inference network. To optimize this objec-

tive, we employ block coordinate ascent with two sets of variables,

{ fenc(G), fdec(Z )} and {VS ,VR ,VP ,Gdiff}. As illustrated in Alg 1,

each iteration of the algorithm proceeds in two steps, by alternating

optimization over the social network and diffusion cascades.

4.4.2 Diffusion Prediction. After learning the (locally) optimal

model parameters and MAP estimates of latent variables, the like-

lihood of influencing user vj given seed activations I is given by:

p(vj |I ) = σ (hTI v
r
j ) (10)

4.4.3 Complexity. The cost per iteration comprises two parts: (a)

optimizing over social network G givesO(|E | ·F 2+ |E | ·D) assuming

GCN + Inner Product (b) optimizing over diffusion episodes is

O(|T| ·D ·N )where F is the maximum layer dimension in fenc. The
overall complexity per iteration isO(|E | · F 2 + |E | ·D + |T| ·D · N ).
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Social Networks Stack-Exchange Networks

Dataset Digg Weibo Android Christianity Travel

# Users 8,602 5,000 9,958 2,897 8,726

# Links 173,489 123,691 48,573 35,624 76,555

# Cascades 968 23,475 679 589 711

Avg. cascade len 100.0 23.6 33.3 22.9 26.8

Table 2: Statistics of datasets used in our experiments

5 EXPERIMENTS
In this section, we present our experimental results on multiple

datasets from real-world social networks and public Stack-Exchanges
1
.

We examine two popular social networks Digg and Weibo.

• Digg [15]: A social platform where users vote on news stories.

The sequence of votes on each story constitutes a diffusion cas-

cade, while the social network comprises friendship links among

voters. We retain only users who have voted on at least 40 stories.

• Weibo [48]: A Chinese micro-blogging platform, where the so-

cial network consists of follower links, and cascades reflect re-

tweeting behavior. We choose the 5000 most popular users.

Stack-Exchanges: Community Q&A websites where users post

questions and answers on a wide range of topics. The inter-user

knowledge-exchanges on various interaction channels (e.g., ques-
tion, answer, comment, upvote, etc.), constitute the social network.

Cascades correspond to chronologically ordered series of posts as-

sociated with the same tag, e.g., “google-pixel-2" on Android. We

choose three Stack-Exchanges, Android, Christianity and Travel,

spanning diverse themes. Dataset statistics are provided in Table 2.

5.1 Baselines
We compare Inf-VAE against state-of-the-art representation learn-

ing methods for diffusion prediction since they have been shown to

significantly outperform classical models (e.g., IC and LT) [9, 41].

• CDK [6]: an embedding method that models information spread

as a heat diffusion process in the representation space of users.

• Emb-IC [7]: an embedded cascade model that generalizes IC to

learn user representations from partial orders of user activations.

• Inf2vec [9]: an influence embedding method that combines local

propagation structure and user co-occurrence in cascades.

• DeepDiffuse [17]: an attention-based RNN that operates on just

the sequence of previously influenced users, to predict diffusion.

• CYAN-RNN [43]: a sequence-based RNN that uses an attention

mechanism to capture cross-dependence among seed users.

• SNIDSA [44]: an RNN-based model to compute structure atten-

tion over the local propagation structure of a cascade.

• Topo-LSTM [41]: a recurrent model that exploits the local prop-

agation structure of a cascade through a dynamic DAG-LSTM.

5.2 Experimental Setup
Wedenote our twomodel variants with GCN andMLP architectures,

by Inf-VAE+GCN and Inf-VAE+MLP respectively. We randomly

sample 70% of the cascades for training, 10% for validation and

remaining 20% for testing. We consider the task of predicting the

set of all influenced users as a retrieval problem [7, 9, 41, 43]. The

1
https://archive.org/details/stackexchange

fraction of users sampled from each test cascade to serve as the seed

set is defined as seed set percentage, which is varied from 10% to

50% to create a large evaluation test-bed spanning diverse cascade

lengths. The likelihood of influencing an inactive user determines

its rank (Eqn. 10). We use MAP@K (Mean Average Precision) and

Recall@K as evaluation metrics. Note that MAP@K considers both

the existence and position of ground-truth target users in the rank

list, while Recall@K only reports occurrence within top-K ranks.

Hyper-parameters are tuned by evaluating MAP@10 on the val-

idation set. Since Emb-IC generalizes IC, we use 1000 Monte Carlo

simulations to estimate influence probabilities. Since the recurrent

neural models (e.g., Topo-LSTM) are trained for next user predic-

tion, we use the ranking induced by user activation probabilities for

diffusion prediction, which we found to significantly outperform

a similar simulation approach. For Inf2vec, we examine several

seed influence aggregation functions (Ave, Sum, Max, and Latest)

to report the best results. Our reported results are averaged over

10 independent runs with different random weight initializations.

Our implementation of Inf-VAE is publicly available
2
.

5.3 Experimental Results
We note the following key observations from our experimental

results comparing Inf-VAE against competing baselines (Table 3).

Methods that do not explicitly model sequential activation orders

(e.g., CDK and Emb-IC), perform markedly worse than their coun-

terparts. Modeling local projected cascade structures with neural

recurrent models results in improvements (e.g., Topo-LSTM and

others). Jointly modeling social homophily derived from global net-

work structure and temporal influence by our model Inf-VAE yields

significant relative gains of 22% (MAP@10) on average across all

datasets. Inf-VAE+GCN consistently beats the MLP variant, vali-

dating the power of graph convolutional networks in effectively

propagating higher-order local neighborhood features.

Figure 2 depicts the variation in recall with size of rank list K . As
expected, recall increases with K , however, the relative differences
across methods is much smaller. Inf-VAE consistently outperforms

baselines across a wide range of K values. For instance, the Chris-

tianity dataset has seed sets with 2-10 users, and corresponding tar-

get sets with 10-15 users out of a possible 3000. Here, a recall@100

of 0.45 for Inf-VAE is quite impressive, especially considering the

absence of explicit re-share links and the noise associated with

real-world diffusion processes. We restrict our remaining analyses

to Inf-VAE+GCN since it consistently beats the MLP variant.

5.4 Impact of Social and Behavior Sparsity
In this section, we analyze the benefits of explicitly modeling social

homophily through VAEs, in comparison to the best baseline (Topo-

LSTM) that only considers local propagation structures.

• Users with sparse diffusion activities. We divide users into

quartiles by their activity levels, which is the number of partici-

pating cascades per user. We evaluate target recall@100 for each

user u, defined as the fraction of times u was predicted correctly

within top-100 ranks. In Figure 3(a), we depict both recall scores

and relative gains (over Topo-LSTM) across activity quartiles.

2
https://github.com/aravindsankar28/Inf-VAE
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Method Digg Weibo Android Christianity Travel

MAP @10 @50 @100 @10 @50 @100 @10 @50 @100 @10 @50 @100 @10 @50 @100

CDK 0.0437 0.0222 0.0228 0.0130 0.0106 0.0123 0.0319 0.0121 0.0125 0.0876 0.0531 0.0578 0.0650 0.0333 0.0341

Emb-IC 0.0862 0.0431 0.0431 0.0140 0.0116 0.0131 0.0505 0.0248 0.0267 0.1340 0.0905 0.0962 0.0924 0.0584 0.0609

Inf2vec 0.1189 0.0554 0.0546 0.0156 0.0103 0.0121 0.0412 0.0141 0.0150 0.1824 0.0790 0.0852 0.1245 0.0495 0.0529

DeepDiffuse 0.0919 0.0460 0.0471 0.0291 0.0186 0.0213 0.0437 0.0228 0.0250 0.1632 0.0828 0.0831 0.1220 0.0675 0.0693

CYAN-RNN 0.1188 0.0479 0.0427 0.0296 0.0207 0.0234 0.0520 0.0276 0.0296 0.1971 0.1229 0.1304 0.1551 0.0791 0.0799

SNIDSA 0.0941 0.0363 0.0348 0.0224 0.0146 0.0169 0.0397 0.0207 0.0222 0.1233 0.0699 0.0781 0.0857 0.0562 0.0585

Topo-LSTM 0.1193 0.0577 0.0587 0.0325 0.0226 0.0247 0.0595 0.0283 0.0289 0.1811 0.0989 0.0991 0.1393 0.0773 0.0783

Inf-VAE+MLP 0.1587 0.0774 0.0719 0.0322 0.0211 0.0234 0.0584 0.0272 0.0285 0.2549 0.1355 0.1402 0.1865 0.0897 0.0913
Inf-VAE+GCN 0.1642 0.0779 0.0724 0.0373 0.0230 0.0257 0.0601 0.0290 0.0304 0.2594 0.1413 0.1461 0.1924 0.0906 0.0910

Table 3: Experimental results for diffusion prediction on 5 datasets (MAP@K scores forK = 10, 50 and 100), the seed set percentage
varies in the range to 10 to 50% users in each test cascade. 22% relative gains in MAP@10 (on average) over the best baseline.
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Figure 2: Experimental results for diffusion prediction on 5 datasets, Recall@K scores on varying size of the rank list K
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Figure 3: Performance across user quartiles on diffusion ac-
tivity level, and seed neighbor fraction (Q1: lowest, Q4: high-
est). Inf-VAEhas higher gains for userswith sparse activities
and lacking direct neighbors in seed sets (quartiles Q1-Q3).

While target recall increases with activity levels, Inf-VAE signifi-

cantly improves performance for inactive users (quartiles Q1-Q3).

Thus, modeling social homophily through VAEs contributes to

massive gains for users with sparse diffusion activities. Interest-
ingly, Topo-LSTM performs comparably on the most active users

(quartile Q4), which indicates the potential of purely local se-

quential modeling techniques for highly active users.

• Users that lack direct social neighbors in seed sets.We sep-

arate users into quartiles by seed neighbor fraction, which is com-

puted as the fraction of seed users that are direct social neighbors,

averaged over the training examples. We similarly report target

recall@K and relative gains across quartiles (Figure 3(b)).

As expected, performance increases with seed neighbor fraction.

Note higher relative gains over Topo-LSTM for users that lack

direct neighbors in the seed set (quartiles Q1-Q3). This demon-

strates the ability of Inf-VAE to implicitly regularize seed user

representations based on higher-order social neighborhoods cap-

tured by GCN-based autoencoders. Again, we find that local

sequential models suffice for users with large seed neighbor frac-

tions, as evidenced by the results of Topo-LSTM in quartile Q4.

Metric Weibo Android

MAP @10 @50 @100 @10 @50 @100

(0) Default 0.0373 0.0230 0.0257 0.0601 0.0290 0.0304
(1)VS = VR ̸⊥⊥ Z 0.0353 0.0220 0.0248 0.0558 0.0275 0.0287

(2)VS ⊥⊥ Z 0.0351 0.0213 0.0240 0.0595 0.0285 0.0301

(3)VR ⊥⊥ Z 0.0326 0.0217 0.0241 0.0567 0.0276 0.0291

(4)VS ⊥⊥ Z ,VR ⊥⊥ Z 0.0313 0.0205 0.0235 0.0542 0.0274 0.0289

(5) Remove Coattention 0.0307 0.0207 0.0233 0.0553 0.0270 0.0284

(6) Separate Attentions 0.0293 0.0217 0.0192 0.0570 0.0277 0.0291

(7) Static-Pretrain 0.0342 0.0203 0.0226 0.0606 0.0281 0.0292

Table 4: Ablation study on architecture design (MAP@K
scores for K = 10, 50, 100), ⊥⊥ denotes variable independence

5.5 Ablation Study and Sensitivity Analysis
In this section, we first present an ablation study followed by a

sensitivity analysis on seed set percentage and hyper-parameters.

5.5.1 Ablation Study. We analyze model design choices includ-

ing homophily via VAEs and co-attention, in Android and Weibo.

Social Homophily: We examine ways to condition VS , VR on Z :
(1) VS andVR are identical and are conditioned onZ through hyper-

parameter λs (= λr ), i.e.,VS = VR ̸⊥⊥ Z (note that this is different

from setting λs = λr without enforcing VS = VR ).
(2) VS is a free variable conditionally independent ofZ , i.e.,VS ⊥⊥ Z ,

which is equivalent to setting λs = 0.

(3) VR is a free variable, i.e., VR ⊥⊥ Z , which is the inverse of (3).

(4) VS and VR are both free variables conditionally independent of

Z (λs = λr = 0), i.e., VS ⊥⊥ Z ,VR ⊥⊥ Z .
Independent conditioning of VS and VR on Z (default) achieves

best results. Enforcing VS = VR (row 1) is clearly inferior, which

validates the choice of differentiating user roles. Notably, allowing

VS to be a free variable results in minor performance degradation
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Figure 4: Impact of seed set percentage in Weibo. Inf-
VAE achieves higher gains for larger seed set fractions.

(row 2), while the drop is significant when VR is independent of Z
(row 3). As expected, setting both VS and VR as free variables (row

4), performs the worst due to lack of social homophily signals.

Co-attention: We conduct two ablation studies defined by:

(5) Replace co-attention with meanpool over concatenated sender

and temporal influence vectors, followed by a dense layer.

(6) Replace co-attention with two separate attentions on the sender

and temporal influence sequences, followed by concatenation.

Learning co-attentional weights (default) consistently outperforms

mean pooling (5), illustrating the benefits of assigning variable con-

tributions to seed users. Using separate attentions (6) significantly

deteriorates results, which indicates the existence of complex non-

linear correlations between the social and temporal latent factors.

Joint Training: In (2), we replace joint block-coordinate optimiza-

tion (Alg 1) with a single step over cascades with pre-trained user

embeddings (line 2), i.e., Z is not updated based on cascades.

Joint training is beneficial when social interactions are noisy (e.g.,
Weibo) in comparison to focused stack-exchanges such as Android.

5.5.2 Impact of Seed Set Percentage. We divide the test set

into quartiles based on seed set percentage, and report performance

per quartile. Since we require a sizable number of test examples per

quartile to obtain unbiased estimates, we use the Weibo dataset.

Figure 4 depicts Recall@10 scores in different ranges. First, re-

call scores increase with seed set percentage since larger seed sets

enable better model predictions; and target set size reduces with in-

crease in seed set percentage. Second, relative gains of Inf-VAE over

baselines increase with seed set percentage. This highlights the

capability of co-attention in focusing on relevant users based on

both social homophily and temporal influence factors.

5.5.3 Impact of λs and λr . Hyper-parameters λs and λr control

the degree of dependence of the sender and receiver variablesVS ,VR
on the social variables Z . Figure 5 depicts performance (MAP@10)

on Android and Weibo datasets. The performance is sensitive to

variations in λr with best values around 0.01 and 0.1, while λs re-
sults in minimal variations. Furthermore, the best values of λs , λr
are stable in a broad range of values that transfer across datasets, in-

dicating that Inf-VAE requires minimal tuning in practice. Since λp
has minimal performance impact, we exclude it from our analysis.

5.5.4 Runtime Analysis. In our experiments, all methods con-

verge within 50 epochs with similar convergence rates. For the sake

of brevity, we only compare runtime per epoch, which includes one

step over the social network and cascades for Inf-VAE.
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Figure 5:MAP@10 on varying λs , λr over Android andWeibo.
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Figure 6: Running time and scalability comparison of Inf-
VAE with several baselines. Inf-VAE is faster than recurrent
models (Topo-LSTM, CYANRNN) by an order of magnitude.

From figure 6(a), Inf2vec is the fastest while Inf-VAE comes sec-

ond. Thus, Inf-VAE achieves a good trade-off between expensive

recurrent models (e.g., Topo-LSTM) and simpler embedding meth-

ods (e.g., Inf2vec), with consistently superior results.

5.5.5 Scalability Analysis. We analyze scalability on cascade

sequences of varying lengths. Since real-world datasets possess

heavily biased length distributions, we instead synthetically gen-

erate a Barabasi-Albert [1] network of 2000 users and simulate

diffusion cascades using an IC model. We compare training times

per epoch for each cascade length (l ) in the range of 10 to 50.

Figure 6(b) depicts linear scaling for Inf-VAE and Inf2vec wrt
cascade length. Recurrent methods scale poorly due to the sequen-

tial nature of back-propagation through time (BPTT), resulting in

prohibitive costs for long cascade sequences. On the other hand, Inf-

VAE avoids BPTT through efficient parallelizable co-attentions.

6 CONCLUSION
In this paper, we present a novel variational autoencoder framework

(Inf-VAE) to jointly embed homophily and influence in diffusion pre-

diction. Given a sequence of seed user activations, Inf-VAE employs

an expressive co-attentive fusion mechanism to jointly attend over

their social and temporal variables, capturing complex correlations.

Our experimental results on two social networks and three stack-

exchanges indicate significant gains over state-of-the-art methods.

In future, Inf-VAE can be extended to include multi-faceted user

attributes owing to the generalizable nature of our VAE framework.

While the current implementation employs GCN networks, we fore-

see direct extensions with neighborhood sampling [13] to enable

scalability to social networks with millions of users. We also plan

to explore neural point processes to predict user activation times.

Finally, similar frameworks may be examined for joint temporal

co-evolution of social network and diffusion cascades.
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